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Devwudfw= Wkhrulhv ri irfdo srlqwv w|slfdoo| dvvxph wkdw jdphv kdyh
lqkhuhqw odeholqjv ru _iudphv% dqg wkhq frqvwuxfw prghov ri krz sod|huv
shufhlyh dqg h{sorlw wkhvh iudphv wr lghqwli| irfdo htxloleuld1 Wklv sdshu
dvnv lqvwhdg krz hyroxwlrqdu| frqvlghudwlrqv ghwhuplqh zklfk dvshfwv ri d
iudph duh olnho| wr eh prqlwruhg e| wkh sod|huv1 H�flhqw prqlwrulqj wxuqv
rxw wr eh dq xqolnho| rxwfrph1
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-Ilqdqfldo vxssruw iurp wkh Ohyhukxoph Irxqgdwlrq/ wkh Hfrqrplf dqg
Vrfldo Uhvhdufk Frxqflo dqg wkh Qdwlrqdo Vflhqfh Irxqgdwlrq lv judwhixoo|
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Wkrpdv Vfkhoolqj rqfh revhuyhg wkdw irfdo srlqwv kdyh grqh pruh iru wkh
wkhru| ri jdphv wkdq jdph wkhru| kdv grqh iru wkh wkhru| ri irfdo srlqwv1�

Wklv sdshu vhhnv wr pdnh dphqgv e| vkrzlqj wkdw hyroxwlrqdu| jdph wkhru|
fdq h{sodlq krz frqwh{wxdo fxhv ehfrph irfdo lq sxuh frruglqdwlrq jdphv1

Vfkhoolqj*v ^49/ s1 88` ehvw0nqrzq h{dpsoh frqfhuqv wzr vwudqjhuv zkr
duh xqdeoh wr frppxqlfdwh exw xujhqwo| qhhg wr phhw lq Qhz \run Flw|/
kdylqj �{hg d wlph exw qrw d orfdwlrq iru wkhlu phhwlqj1 Prvw ri wkh sduwlf0
lsdqwv lq Vfkhoolqj*v lqirupdo h{shulphqwv lq wkh �iwlhv fkrvh Judqg Fhqwudo
Vwdwlrq dv wkhlu dwwhpswhg phhwlqj srlqw1 Ri wkh pdq| srvvleoh htxloleulxp
orfdwlrqv/ Judqg Fhqwudo Vwdwlrq zdv irfdo1
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Iljxuh 4= Wkh 6� 6 jdph ri sxuh frruglqdwlrq1

Jdph wkhrulvwv prgho vxfk d sureohp dv d jdph ri sxuh frruglqdwlrq1
Iljxuh 4+d, lv dq h{dpsoh zlwk wkuhh vwudwhjlhv1 Lq rxu dqdo|vlv/ zh dvvxph
wkh sod|huv nqrz qrwklqj zkdwhyhu derxw wkh odeholqj ri wkh vwudwhjlhv xqohvv
wkh| uhfhlyh vrph dgglwlrqdo iudplqj lqirupdwlrq1 Wkhlu ljqrudqfh h{whqgv
hyhq wr vxfk txhvwlrqv dv zklfk vwudwhj| fruuhvsrqgv wr wkh wrs urz ru
plggoh froxpq/ frqyhqwlrqv wkdw dulvh rqo| lq wkh frxuvh ri frqvwuxfwlqj wkh
jdph wkhrulvw*v prgho1 Zkdwhyhu wkh sod|huv gr lq vxfk d vwdwh ri ljqrudqfh/
wkh uhvxow lv htxlydohqw wr wkhlu xvlqj hdfk sxuh vwudwhj| zlwk suredelolw| �

�
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Wkh| wkhq jhw wkhlu zruvw srvvleoh htxloleulxp sd|r�1
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Uhdo0olih jdphv frph zlwk iudphv wkdw uhodwh vwudwhjlhv wr wkh frqwh{w lq
zklfk wkh jdph lv sod|hg1 Edfkdudfk ^4`/ Edfkdudfk dqg Vwdko ^5`/ Fdvdmxv
^8`/ Vxjghq ^4;` dqg rwkhuv kdyh dvnhg krz sod|huv shufhlyh dqg xvh vxfk
d iudplqj wr orfdwh irfdo srlqwv1 D pdmru frqfhuq lv wkh h{whqw wr zklfk
d iudph doorzv wkh sod|huv wr frruglqdwh rq dq h�flhqw htxloleulxp ri wkh
jdph1 Iru h{dpsoh/ zkhq wkh vwudwhjlhv zhuh iudphg dv orfdwlrqv lq Qhz
\run Flw|/ prvw sduwlflsdqwv lq Vfkhoolqj*v h{shulphqwv rewdlqhg wkh h�flhqw
htxloleulxp sd|r� ri rqh e| fkrrvlqj Judqg Fhqwudo Vwdwlrq1

Krz gr iudphv dulvhB Zk| gr zh fkrrvh wr sd| forvh dwwhqwlrq wr vrph
hqylurqphqwdo vljqdov dqg qrw rwkhuvB Lv iudplqj lqirupdwlrq olnho| wr eh
h�flhqwo| xvhgB Zh h{soruh dq hyroxwlrqdu| dssurdfk wr vxfk txhvwlrqv/ rq
wkh xqghuvwdqglqj wkdw fxowxudo hyroxwlrq lv dw ohdvw dv lpsruwdqw dv elrorj0
lfdo hyroxwlrq lq wkh fdvh ri kxpdq frruglqdwlrq1 Zh �qg wkdw h�flhqw irfdo
phfkdqlvpv duh xqolnho| wr vxuylyh/ hyhq zkhq doo wkh reylrxv revwdfohv wr
h�flhqw frruglqdwlrq duh devhqw1 Zh ghihqg wklv frqfoxvlrq xvlqj d qxpehu
ri hyroxwlrqdu| vwdelolw| fulwhuld1
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Wklv vhfwlrq suhvhqwv d vlpsoh h{dpsoh looxvwudwlqj wkh h�flhqw xvh ri iudp0
lqj lqirupdwlrq dqg wkh dwwhqgdqw hyroxwlrqdu| frqvlghudwlrqv1

Wkh Vtxduh Jdph1 Vxssrvh wkdw hdfk wlph Qdwxuh fdoov iru wkh 6 � 6
sxuh frruglqdwlrq jdph ri Iljxuh 4+d, wr eh sod|hg/ vkh iudphv lw e| odeholqj
vrph vwudwhjlhv zlwk d vtxduh1 Li hdfk vwudwhj| lv lqghshqghqwo| dvvljqhg d
vtxduh +ru qrw, zlwk suredelolw| �

2
/ wkh suredelolw| ri wkh frq�jxudwlrq vkrzq

lq Iljxuh 4+e, lv �

H
1 Lq wklv frq�jxudwlrq/ wkh sod|huv pdnh wkh ehvw xvh ri

wkhlu iudplqj lqirupdwlrq e| frruglqdwlqj rq wkh vwudwhj| zlwkrxw d vtxduh/
vr wkdw hdfk uhfhlyhv wkh pd{lpdo sd|r� ri rqh1

Frq�jxudwlrqv zlwk d vlplodu rgg0pdq0rxw rffxu zlwk d wrwdo suredelolw|
ri �

e
1 Krzhyhu/ zlwk suredelolw| �

e
/ hlwkhu doo ru qrqh ri wkh vwudwhjlhv duh

dvvljqhg d vtxduh1 Wkh vwudwhjlhv duh wkhq lqglvwlqjxlvkdeoh/ dqg dq|wklqj
wkh sod|huv pd| gr lv htxlydohqw wr udqgrpl}lqj wkhlu fkrlfh/ iru dq h{shfwhg
sd|r� ri �

�
1 Wkhlu ryhudoo h{shfwhg sd|r� lv wkhuhiruh
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Wkh Uhg Vtxduh Jdph1 Vxssrvh wkdw Qdwxuh qrz hqulfkhv wkh iudph
e| lqghshqghqwo| frorulqj vrph vwudwhjlhv uhg lq wkh vdph zd| wkdw vkh

5



dvvljqv vrph vwudwhjlhv d vtxduh1 Zlwk suredelolw| �

�S
/ doo wkuhh vwudwhjlhv

zloo vwloo eh lqglvwlqjxlvkdeoh/ vr wkdw wkh sod|huv fdq dfklhyh d sd|r� ri rqo|
�

�
1 Zlwk suredelolw| �D

�S
/ dw ohdvw rqh vwudwhj| ehduv d mrlqw surshuw| vkduhg

e| qr rwkhu vwudwhj|1 Lw pd| eh/ iru h{dpsoh/ wkdw rqo| rqh vwudwhj| lv uhg
exw qrw vtxduh1 Wkh sod|huv fdq wkhq dfklhyh shuihfw frruglqdwlrq/ surylghg
wkdw wkh| duh sduw| wr d frqyhqwlrq wkdw doorzv wkhp wr uhvroyh dpeljxlwlhv
zkhq wkhuh lv pruh wkdq rqh vxfk rgg0pdq0rxw1 Dgglqj froru wr wkh iudph
wkhuhiruh lpsuryhv wkh sod|huv* ryhudoo h{shfwhg sd|r� wr
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Wkh suhylrxv olwhudwxuh rq iudplqj lq d jdph0wkhruhwlf frqwh{w kdv odujho|
frqfhqwudwhg rq krz zh pdqdjh wr dgmxglfdwh ehwzhhq ulydo irfdo srlqwv1
Iru h{dpsoh/ lv d vwudwhj| wkdw lv uhg exw qrw vtxduh pruh irfdo wkdq d
vwudwhj| wkdw lv vtxduh exw qrw uhgB Zh e|sdvv wklv lpsruwdqw sv|fkrorjl0
fdo lvvxh e| dozd|v dvvxplqj wkdw wkh sod|huv xvh wkh iudplqj lqirupdwlrq
h�flhqwo|1 Iru h{dpsoh/ wkh lqirupdwlrq surylghg e| wkh Uhg Vtxduh iudph
lv xvhg h�flhqwo| zkhq erwk sod|huv hpsor| wkh Vkdsh0wkhq0Froru frqyhq0
wlrq/ lq zklfk d sod|hu fkrrvhv dq rgg0pdq0rxw lq vkdsh li wkhuh lv rqh/ dqg
rwkhuzlvh fkrrvhv dq rgg0pdq0rxw lq froru li rqh h{lvwv +idlolqj zklfk wkh
fkrlfh lv qhfhvvdulo| udqgrp,1 Zh frq�qh dwwhqwlrq wr vxfk h�flhqw frqyhq0
wlrqv lq rughu wr frqfhqwudwh rq dq xqvwxglhg vrxufh ri lqh�flhqf|�wkdw
zklfk dulvhv zkhq wkh sod|huv sd| lqvx�flhqw dwwhqwlrq wr wkh lqirupdwlrq
surylghg e| wkh iudph1

Frvwo| Prqlwrulqj1 Dowkrxjk zh duh vhogrp frqvflrxv ri sd|lqj wkh
frvwv/ lw pxvw qhyhuwkhohvv eh frvwo| wr prqlwru iudplqj lqirupdwlrq1 Zh
duh ghoxjhg zlwk wrr pxfk lqirupdwlrq wr pdnh xvh ri lw doo/ dqg wkh lq0
irupdwlrq lq d iudplqj fdq eh surfhvvhg rqo| dw wkh h{shqvh ri ljqrulqj
vrphwklqj hovh1 Zh fdswxuh vxfk frvwv lq wklv h{dpsoh e| vxssrvlqj wkdw/
ehiruh ehlqj frqiurqwhg zlwk wkh Uhg Vtxduh Jdph/ sod|huv duh surjudpphg
e| dq hyroxwlrqdu| surfhvv wr prqlwru vkdsh ru froru1 Prqlwrulqj rqo| rqh
surshuw| frvwv qrwklqj1 Prqlwrulqj erwk lqfxuv d frvw ri f A 31

Fkrrvlqj zkdw wr prqlwru lv lwvhoi d vwudwhj| lq dq lpsxuh frruglqdwlrq
jdph1 Wkh vwudwhjlhv lq wklv _prqlwrulqj jdph% duh wr eh xqghuvwrrg dv
prqlwrulqj erwk surshuwlhv/ ru prqlwrulqj rqo| rqh surshuw|1 Lq wkh odwwhu
fdvh/ zh dvvxph wkdw d frqyhqwlrq lv lq sodfh hqvxulqj wkdw erwk sod|huv
fkrrvh wkh vdph surshuw|1 Zh fdq wkhq uhsuhvhqw wkh jdph dv lq Iljxuh 51

Wkh sd|r� E lv wkh h{shfwhg xwlolw| uhfhlyhg e| erwk sod|huv lq wkh
xqghuo|lqj sxuh frruglqdwlrq jdph zkhq d sod|hu zkr prqlwruv erwk surs0
huwlhv phhwv d sod|hu zkr prqlwruv rqo| rqh surshuw|1 Revhuyh wkdw E � 2f
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>
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Iljxuh 5= D prqlwrulqj jdph1

ehfdxvh d sod|hu fdqqrw frruglqdwh pruh zlwk dq rssrqhqw wkdq d sod|hu
zkr prqlwruv wkh vdph lqirupdwlrq dv wkh rssrqhqw1 Lq rxu h{dpsoh/ zh
dvvxph wkdw
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zklfk lv dfklhyhg zkhq d sod|hu zkr prqlwruv erwk surshuwlhv xvhv wkh
Vkdsh0wkhq0Froru frqyhqwlrq/ dqg d sod|hu zkr prqlwruv rqo| rqh surshuw|
xvhv wkh Vkdsh0rqo| frqyhqwlrq1� Lq pruh frpsoh{ jdphv/ wklv xsshu erxqg
rq E fdqqrw dozd|v eh dwwdlqhg1

Zkhq f A �

H
/ wkh frvw ri prqlwrulqj d vhfrqg surshuw| rxwzhljkv wkh

ydoxh ri wkh dgglwlrqdo lqirupdwlrq dqg lw lv d vwulfwo| grplqdqw vwudwhj| wr
prqlwru rqo| rqh surshuw|1 Li f ? �

H
/ hdfk vwudwhj| fruuhvsrqgv wr d vwulfw

Qdvk htxloleulxp1 Wkh h�flhqw htxloleulxp lq wklv fdvh uhtxluhv prqlwrulqj
erwk surshuwlhv/ exw zh vkdoo vhh wkdw hyroxwlrqdu| dujxphqwv pd| idyru wkh
lqh�flhqw htxloleulxp lq zklfk rqo| rqh surshuw| lv prqlwruhg1

Hyroxwlrqdu| G|qdplfv1 Lq uhgluhfwlqj dwwhqwlrq iurp jdphv ri sxuh
frruglqdwlrq wr wkh prqlwrulqj jdphv zlwklq zklfk wkh| duh hpehgghg/ zh
uhsodfh rqh htxloleulxp vhohfwlrq sureohp e| dqrwkhu1 Vr zkdw surjuhvv
kdv ehhq pdghB Rxu dssurdfk lv wr uhjdug ehkdylru lq wkh prqlwrulqj
jdph dv wkh rxwfrph ri dq hyroxwlrqdu| surfhvv udwkhu wkdq ri frqvflrxv
fkrlfh1 Wklv doorzv xv wr eulqj hyroxwlrqdu| frqvlghudwlrqv wr ehdu rq wkh
htxloleulxp vhohfwlrq sureohp1

Zkhq f ? �

H
/ wkh prqlwrulqj jdph ri Iljxuh 5 kdv wkuhh Qdvk htxloleuld1

Wkh wzr sxuh htxloleuld fruuhvsrqg wr wkh vwudwhjlhv erwk dqg rqh1 Zklfk
zloo hyroxwlrq vhohfwB Erwk duh vwulfw Qdvk htxloleuld/ dqg vr erwk duh hyrox0
wlrqdulo| vwdeoh +Pd|qdug Vplwk dqg Sulfh ^44`/ Vhowhq ^4:`,1 Lw lv wkhuhiruh
qhfhvvdu| wr orrn pruh ghhso| lqwr wkh g|qdplfv ri wkh hyroxwlrqdu| surfhvv
wkdw prwlydwhv wkh gh�qlwlrq ri hyroxwlrqdu| vwdelolw|1
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both Μ one

Iljxuh 6= Edvlqv ri dwwudfwlrq1

Li wkh vwrfkdvwlf hohphqw ri dq hyroxwlrqdu| surfhvv lv vx�flhqwo| vpdoo/
wkhq d ghwhuplqlvwlf prgho vxfk dv wkh uhsolfdwru g|qdplfv ri hyroxwlrqdu|
elrorj| zloo vx�fh wr suhglfw zlwk kljk suredelolw| wkh htxloleulxp ri d
jdph wkdw wkh g|qdplf v|vwhp zloo dssurdfk lq wkh �uvw lqvwdqfh +Elqpruh/
Vdpxhovrq dqg Ydxjkdq ^6`,1 Wkh pl{hg htxloleulxp lq rxu h{dpsoh lv
vkrzq dv wkh srlqw P lq wkh skdvh gldjudp ri Iljxuh 61 Lw fruuhvsrqgv
wr d glvwulexwlrq ri wkh xqghuo|lqj srsxodwlrq lq zklfk d iudfwlrq ;f ri
wkh srsxodwlrq sod| erwk/ dqg wkh uhpdlqghu sod| rqh1 Wkh duurzv lq wkh
skdvh gldjudp vkrz wkh hyroxwlrqdu| �rzv ri dq| prqrwrqlf ghwhuplqlvwlf
hyroxwlrqdu| g|qdplfv +Vdpxhovrq dqg ]kdqj ^48`,1 Wkh srsxodwlrq vwdwhv
lq zklfk hyhu|erg| sod|v erwk ru hyhu|erg| sod|v rqh duh vwdeoh zlwk uhvshfw
wr vxfk g|qdplfv/ exw P lv xqvwdeoh1 Lq wkh orqj uxq/ wkh v|vwhp frqyhujhv
rq rqh ri wkh wzr vwdeoh htxloleuld/ exw wkh htxloleulxp vhohfwhg ghshqgv rq
zkhuh wkh v|vwhp vwduwv1

Li zh duh lqwhuhvwhg lq yhu| orqj shulrgv ri wlph/ wkhq hyhq yhu| vpdoo
vwrfkdvwlf shuwxuedwlrqv pxvw eh h{solflwo| frqvlghuhg/ vlqfh wkh| zloo rffd0
vlrqdoo| erxqfh wkh v|vwhp iurp rqh htxloleulxp*v edvlq ri dwwudfwlrq lqwr
wkh rwkhu +\rxqj ^53`/ Ndqgrul/ Pdlodwk dqg Ure ^43`,1 Zh zloo wkhuhiruh
�qg wkh v|vwhp vrphwlphv qhdu erwk/ dqg vrphwlphv qhdu rqh1 Zh vd| wkdw
dq htxloleulxp lv vhohfwhg lq wkh xowudorqj uxq li lw lv doprvw fhuwdlq wkdw
wkh v|vwhp zloo eh irxqg lq lwv ylflqlw| zkhq wkh shuwxuedwlrqv duh pdgh
vx�flhqwo| vpdoo1e

Wkh htxloleulxp zlwk wkh odujhu edvlq ri dwwudfwlrq lq rxu h{dpsoh lv
vdlg wr eh ulvn grplqdqw +Kduvdq|l dqg Vhowhq ^;`,1 Zklfkhyhu htxloleulxp
dvvljqv wkh sod|huv wkh odujhu sd|r� lv sd|r� grplqdqw1 Lq rxu h{dpsoh/
erwk lv sd|r� grplqdqw/ dqg rqh lv ulvn grplqdqw zkhq �

�S
? f ? �

H
1 Vlqfh

hyroxwlrqdu| g|qdplfv w|slfdoo| vhohfw wkh ulvn0grplqdqw htxloleulxp lq wkh
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xowudorqj uxq/D zh vkrxog wkhq h{shfw wr vhh rqo| rqh surshuw| ehlqj prql0
wruhg/ dowkrxjk lw lv h�flhqw wr prqlwru wzr surshuwlhv1

Wkh fdxvh ri wklv lqh�flhqf| lv qrw wkdw wkhuh lv d plvpdwfk ehwzhhq
lqglylgxdo dqg mrlqw lqfhqwlyhv�wkh h�flhqw rxwfrph lv dq htxloleulxp1 Lw
olhv lq dq lqh�flhqw edodqflqj ri wkh frvwv dqg ehqh�wv ri prqlwrulqj lqiru0
pdwlrq1

� � �L_i* Lu 6LU@* �L�?|t

Wkh uhvw ri wkh sdshu vkrzv wkdw wkh hyroxwlrqdu| vhohfwlrq ri lqh�flhqw htxl0
oleuld lq prqlwrulqj jdphv lv d jhqhudo skhqrphqrq1 Wklv vhfwlrq rxwolqhv
rxu prgho1

Sxuh Frruglqdwlrq1 Rxu whfkqltxhv dsso| wr pxowlsod|hu jdphv ri lp0
sxuh frruglqdwlrq/ exw zh vkdushq wkh uhvxowv e| frqvlghulqj rqo| wzr0sod|hu
jdphv ri sxuh frruglqdwlrq1 Hdfk sod|hu kdv wkh vwudwhj| vhw i4> 5> = = = > Qj
dqg wkh sd|r� ixqfwlrq

�+q�> q2, @

+
4 li q� @ q2
3 rwkhuzlvh

>

zkhuh q� dqg q2 duh wkh fkrlfhv ri sod|huv 4 dqg 51 Wkh vwudwhj| odehov
i4> 5> = = = > Qj fdqqrw wkhpvhoyhv eh xvhg wr frruglqdwh ehkdylru +Fudzirug
dqg Khoohu ^9`,1 Lq nhhslqj zlwk Vfkhoolqj*v Qhz \run h{dpsoh/ zh duh
sduwlfxoduo| lqwhuhvwhg lq wkh fdvh zkhq Q lv odujh1

Iudphv1 Zh srvwxodwh wkdw hdfk sxuh vwudwhj| ri wkh jdph srwhqwldoo|
vdwlv�hv hdfk ri d qxpehu ri surshuwlhv= S�> S2> = = = > S� 1 H{dpsohv ri srvvleoh
surshuwlhv lqfoxgh vtxduh/ �uvw/ uhg/ fhqwudo/ euljkwhvw/ wrs0ohiw1

Irupdoo|/ d surshuw| lv d udqgrp ixqfwlrq S� = i4> = = = > Qj $ ^3> 4`/
zkhuh S�+q, @ 4 phdqv wkdw vwudwhj| q kdv surshuw| l1 Surshuwlhv duh
dvvljqhg udqgrpo| lq rxu prgho wr uh�hfw wkh idfw wkdw sod|huv duh olnho|
wr hqfrxqwhu wkh frruglqdwlrq jdph lq pdq| gl�huhqw frqwh{wv1 D iudph
iru wkh jdph lv wkh udqgrp surfhvv wkdw ghwhuplqhv zklfk surshuwlhv duh
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uhdol}hg hdfk wlph wkdw Qdwxuh ghflghv wkdw wkh frruglqdwlrq jdph lv wr eh
sod|hg1 Dowkrxjk surshuwlhv duh dvvljqhg lqghshqghqwo| dfurvv vwudwhjlhv
lq rxu h{dpsohv/ zh pdnh qr jhqhudo lqghshqghqfh dvvxpswlrqv frqfhuqlqj
hlwkhu wkh uhdol}dwlrq ri d jlyhq surshuw| dfurvv vwudwhjlhv ru wkh uhdol}dwlrqv
ri gl�huhqw surshuwlhv1 Rwkhuzlvh zh zrxog qrw eh deoh wr dffrpprgdwh
surshuwlhv olnh euljkwhvw ru wrs0ohiw1

Qdwxuh lv jlyhq khu ehvw fkdqfh dw fuhdwlqj h�flhqw irfdo srlqwv e| dv0
vxplqj wkdw sod|huv zkr sd| dwwhqwlrq wr wkh vdph iudplqj lqirupdwlrq xvh
lw zlwk pd{lpdo h�flhqf|1 Wkh| �uvw xvh wkh iudplqj lqirupdwlrq wr lghq0
wli| vhwv ri sxuh vwudwhjlhv lq wkh xqghuo|lqj jdph ri sxuh frruglqdwlrq wkdw
duh ri plqlpdo vl}h1 D frpprqo| khog frqyhqwlrq wkhq vhohfwv rqh ri wkhvh
plqlpdo vhwv1 Hdfk sxuh vwudwhj| lq wkh irfdo vhw lv wkhq sod|hg zlwk htxdo
suredelolw|1 Zh vd| wkdw wkh vhohfwhg vhw lv irfdo1

Rqh lqghshqghqw surshuw|1 Vxssrvh wkh iudph lqghshqghqwo| dvvljqv
d vlqjoh surshuw| wr hdfk vwudwhj| zlwk suredelolw| s1 Li sod|huv frvwohvvo|
prqlwru rqo| rqh surshuw|/ zkdw ydoxh ri s pd{lpl}hv wkhlu h{shfwhg sd|r�B

Vhfwlrq 914 vkrzv wkdw wkh rswlpdo s iru d frruglqdwlrq jdph zlwk Q
vwudwhjlhv lv hlwkhu sW+Q, ru 4� sW+Q,/ zkhuh sW @ �

2
Q zkhq Q � 7/ exw

sW+Q, � 4=6Q3�

zkhq Q lv vx�flhqwo| odujh1 Wklv uhvxow iru odujh Q looxvwudwhv wkh edodqfh
wkdw d xvhixo frruglqdwlrq surshuw| pxvw vwulnh1 D surshuw| wkdw lv olnho| wr
eh vkduhg e| wrr pdq| vwudwhjlhv lv xqkhosixo/ ehfdxvh lw lv wrr dpeljxrxv/
iuhtxhqwo| iruflqj wkh sod|huv wr pl{ ryhu odujh vhwv ri vwudwhjlhv vdwlvi|lqj
wkh surshuw|1 D surshuw| wkdw lv vx�flhqwo| uduh dv wr eh xqolnho| wr eh
vkduhg pd| riwhq krog iru qr vwudwhj| dw doo/ surylglqj qr khos zlwk frrugl0
qdwlrq1 Iru odujh Q / wkh rswlpdo surshuw| edodqfhv wkhvh irufhv e| vhwwlqj
wkh h{shfwhg qxpehu ri uhdol}dwlrqv wr eh mxvw ryhu rqh1

Pdq| lqghshqghqw surshuwlhv1 Vxssrvh wkdw wkhuh duh P lqghshq0
ghqwo| dvvljqhg surshuwlhv/ zlwk dq| jlyhq vwudwhj| vdwlvi|lqj surshuw| S�
zlwk suredelolw| s�1 Vhfwlrq 915 vkrzv wkdw li wkh suredelolwlhv s� fdq eh fkr0
vhq dw zloo/ wkhq shuihfwo| h�flhqw frruglqdwlrq lv dssurdfkhg yhu| udslgo|
dv wkh qxpehu ri surshuwlhv jurzv1 Zlwk P surshuwlhv/ wkh h{shfwhg sd|r�
iru odujh ydoxhv ri Q lv dw ohdvw

4�
�
4� 4

h

�2�3�

=
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Zlwk �yh surshuwlhv/ iru h{dpsoh/ wkh h�flhqf| orvv lv ohvv wkdq 31334/ qr
pdwwhu krz odujh Q pd| eh1

Wklv qhduo| shuihfw frruglqdwlrq lv dfklhyhg e| dq rswlpdo iudph frq0
vlvwlqj ri P � 4 surshuwlhv zlwk s� @ �

2
/ dqg rqh surshuw| zlwk hlwkhu s� ru

4� s� htxdo wr sW+Q,5�3�/ zkhuh sW+Q, lv wkh vdph dv lq wkh fdvh ri rqo|
rqh surshuw|1 Wkh P � 4 surshuwlhv zlwk s� @ �

2
duh yhu| olnho| wr sduwlwlrq

wkh Q vwudwhjlhv lqwr 5�3� vxevhwv ri dssur{lpdwho| wkh vdph vl}h1 Wkh �qdo
surshuw| fdq wkhq eh ylhzhg dv d fkdqfh dw lvrodwlqj d vlqjoh vwudwhj| lq rqh
ri wkhvh vxevhwv wr vhuyh dv d irfdo srlqw1 Wkh ydoxh sW+Q,5�3� doorzv wklv
fkdqfh wr eh wdnhq rswlpdoo| lq hdfk ri wkh 5�3� vxevhwv ri vl}h Q@5�3�1
H{fhsw zkhqP lv txlwh vpdoo/ wkh ulvn ri wkhvh 5�3� lqghshqghqw dwwhpswv
idlolqj wr lvrodwh dq| vwudwhj| lq dq| ri wkhvh vxevhwv lv wlq|1

Sd|lqj Dwwhqwlrq Wkh �qglqj wkdw d kdqgixo ri zhoo0fkrvhq lqghshqghqw
surshuwlhv fdq ohdg wr qhduo| shuihfw frruglqdwlrq frqwudvwv zlwk wkh revhu0
ydwlrq wkdw irfdo srlqwv duh riwhq gl�fxow wr orfdwh1 Judqg Fhqwudo Vwdwlrq
pd| kdyh vhhphg dq reylrxv phhwlqj srlqw iru Qhz \runhuv lq wkh �iwlhv/
exw zkhuh lv wkh fruuhvsrqglqj irfdo srlqw lq frqwhpsrudu| FroxpexvB

Rqh gl�fxow| lv wkdw zh vhogrp kdyh wkh ox{xu| ri zrunlqj zlwk rswl0
pdoo| ghvljqhg surshuwlhv1 Qru lv lw frvwohvv wr prqlwru wkh lqirupdwlrq wkdw
d iudph surylghv1 Iru h{dpsoh/ zkhq d iudph odehov vwudwhjlhv zlwk zrugv/
zh gr qrw dvn rxuvhoyhv zkhwkhu rqh ri wkhvh pljkw eh dq dqdjudp ri d
Eud}loldq srhw*v qdph/ suhvxpdeo| ehfdxvh wkh dgghg ehqh�w ri prqlwrulqj
vxfk surshuwlhv forvho| grhv qrw mxvwli| wkh frvw1 Zh wkhuhiruh lqwurgxfh
prqlwrulqj frvwv wkdw lqfuhdvh zlwk wkh dprxqw ri dwwhqwlrq wkdw d sod|hu
sd|v wr ydulrxv surshuwlhv1

Frvwv dqg Ehqh�wv1 Wkh lqwhqvlw| �� 5 LUn zlwk zklfk d sod|hu prqlwruv
hdfk surshuw| S� lv fkrvhq e| hyroxwlrq1 Wkh lqwhqvlwlhv ��> = = = > �� ghwhu0
plqh wkh suredelolwlhv zlwk zklfk d sod|hu uhfrjql}hv zkdwhyhu uhdol}dwlrqv
+li dq|, ri hdfk surshuw| kdyh rffxuuhg lq d iudplqj ri wkh frruglqdwlrq
jdph1S D prqlwrulqj vwudwhj| lv d yhfwru � ri lqwhqvlwlhv ghwhuplqhg ehiruh
dq|wklqj hovh kdsshqv1

Mxvw dv wkh uhdol}dwlrqv ri surshuwlhv qhhg qrw eh lqghshqghqw/ wkh hyhqw
wkdw wzr surshuwlhv duh revhuyhg qhhg qrw eh lqghshqghqw1 D sod|hu zkr
revhuyhv zklfk vwudwhj| lv odujhvw +li dq|, pd| dovr eh olnho| wr revhuyh
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vpdoohvw1
D sod|hu xvlqj wkh prqlwrulqj vwudwhj| � zkr idfhv d sod|hu xvlqj wkh

prqlwrulqj vwudwhj| � ghulyhv d ehqh�w E+�> �,/ zklfk lv wkh suredelolw|
wkdw wkh| vxffhhg lq frruglqdwlqj rq wkh vdph vwudwhj| lq wkh xqghuo|lqj
sxuh frruglqdwlrq jdph1 Rxu �uvw dvvxpswlrq/ ghulyhg iurp pruh sulplwlyh
dvvxpswlrqv rq wkh prqlwrulqj whfkqrorj| lq Vhfwlrq 916/ uhjlvwhuv wkh plq0
lpdo uhtxluhphqwv rq wkh ehqh�w ixqfwlrq E frqvlvwhqw zlwk lwv ghulydwlrq
iurp dq xqghuo|lqj jdph ri sxuh frruglqdwlrq1

Dvvxpswlrq 4
+414, E+�> �, @ E+�> �,1
+415, E+�> �, � plqiE+�> �,> E+�> �,j1
Wkh sd|r� ru �wqhvv ghulyhg iurp xvlqj � lv wkh gl�huhqfh ehwzhhq wkh

h{shfwhg ehqh�w dqg wkh frvw F+�, ri fkrrvlqj �1 Wkh frvw lv sdlg uhjdugohvv
ri zkhwkhu dq| vwudwhj| lq wkh sxuh frruglqdwlrq jdph dfwxdoo| wxuqv rxw
wr kdyh rqh ri wkh prqlwruhg surshuwlhv/ ru zkhwkhu d uhdol}hg surshuw| lv
dfwxdoo| xvhg iru dq|wklqj diwhu ehlqj revhuyhg1 Lq wklqnlqj derxw F+�,/
zh uhfrjql}h wkdw lw pd| frvw olwwoh wr prqlwru d xvhixo surshuw| olnh eljjhvw
dqg pxfk wr prqlwru d surshuw| olnh dqdjudp ri d Eud}loldq srhw*v qdph1
Zh dovr uhfrjql}h wkdw lqfuhdvlqj h{shqglwxuh rq prqlwrulqj d surshuw| olnh
odujhvw pd| uhgxfh wkh frvw ri prqlwrulqj d surshuw| olnh vpdoohvw1

Rxu vhfrqg dvvxpswlrq lpsrvhv vrph uhjxodulw| frqglwlrqv rq wkh frvw
ixqfwlrq F/ dqg wkh ixqfwlrq D gh�qhg e|

D+�, @ E+�> �, >

zklfk lv wkh ehqh�w lq wkh h�flhqw fdvh zkhq erwk sod|huv xvh wkh vdph
prqlwrulqj vwudwhj|1 +Vhh Vhfwlrq 916 djdlq1,

Dvvxpswlrq 5
+514, D lv lqfuhdvlqj dqg frqwlqxrxvo| gl�huhqwldeoh1
+515, F lv lqfuhdvlqj dqg frqwlqxrxvo| gl�huhqwldeoh1

Zh ohw D�+�, dqg F�+�, ghqrwh wkh gluhfwlrqdo ghulydwlyhv ri wkh ixqfwlrqv
D dqg F lq wkh gluhfwlrq ri d xqlw yhfwru x1

Dvvxpswlrq 6
+614, F lv vwulfwo| frqyh{1
+615, D�F lv vwulfwo| frqfdyh1
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Wklv dvvxpswlrq uhpryhv vrph reylrxv revwdfohv wr wkh vhohfwlrq ri dq h�0
flhqw htxloleulxp lq wkh prqlwrulqj jdph1 Wkh frqfdylw| ri D � F hqvxuhv
wkh h{lvwhqfh ri d xqltxh h�flhqw prqlwrulqj vwudwhj|1 Vhfwlrq 917 looxv0
wudwhv krz wkh idloxuh ri wklv dvvxpswlrq fdq wuds hyroxwlrq dw dq lqh�flhqw
orfdo rswlpxp1 Dgglqj wkh frqyh{lw| ri F hqvxuhv wkdw wkh _ulvn grplqdqw%
htxloleulxp lv xqltxh/ vlpsoi|lqj vrph ri wkh uhvxowv ehorz1

Wkh ehqh�w ixqfwlrq E+�> �, qhhg qrw eh d frqfdyh ixqfwlrq ri �1 Krz0
hyhu/ lw zloo vrphwlphv eh xvhixo wr pdnh wkh iroorzlqj dvvxpswlrq1

Dvvxpswlrq 7 Zlwklq wkh vsdfh ri prqlwrulqj vwudwhjlhv/ E+�> �, lv d frq0
fdyh ixqfwlrq ri � rq dq| olqh wkurxjk � @ �1

Dowkrxjk D dqg F duh dvvxphg wr eh gl�huhqwldeoh/ wkh qh{w sdudjudsk
vkrzv zk| wkh ehqh�w ixqfwlrq E fdq eh gl�huhqwldeoh dw +�> �, rqo| lq
sdwkrorjlfdo fdvhv1 Krzhyhu/ ohiw dqg uljkw gluhfwlrqdo ghulydwlyhv ri E zlwk
uhvshfw wr rqh ri lwv yduldeohv frpprqo| h{lvw1 Ohw En

� +�> �, ghqrwh wkh
_uljkw% gluhfwlrqdo ghulydwlyh/ l1h1 wkh ghulydwlyh wdnhq zkhq prylqj dzd|
iurp � lq wkh gluhfwlrq ri x1 Wkh v|pphwu| ri E hqvxuhv wkdw wklv ghulydwlyh
lv wkh vdph/ zkhwkhu wdnhq zlwk uhvshfw wr wkh �uvw ru vhfrqg yduldeoh1
Vlploduo|/ E3

� +�> �, lv wkh _ohiw% gluhfwlrqdo ghulydwlyh/ l1h1 wkh ghulydwlyh
wdnhq zkhq prylqj lq wkh gluhfwlrq ri x wrzdugv �1 Li wkhvh gluhfwlrqdo
ghulydwlyhv h{lvw dqg duh frqwlqxrxv dw +�> �,/ zh vd| E lv vhpl0gl�huhqwldeoh1

Revhuyh wkdw E3
� +�> �, � 3 � En

� +�> �, e| Dvvxpswlrq 4151 Vhfwlrq 918
vkrzv wkdw Dvvxpswlrq 7 dqg vhpl0gl�huhqwldelolw| lpso|

D�+�, @ En
� +�> �, .E3

� +�> �, = +4,

Dv d uhvxow/ E3
� +�> �, @ En

� +�> �, lpsolhv D�+�, @ 31 Wkh ixqfwlrq E+�> �,
wkhuhiruh fdqqrw qrupdoo| eh d gl�huhqwldeoh ixqfwlrq zkhuh � @ �1

Wkh �qdo dvvxpswlrq lv qhhghg rqo| zkhq frqvlghulqj vwrfkdvwlf srwhq0
wldo1 Lw vd|v wkdw wkh ehqh�w vdful�fhg zkhq ghyldwlqj iurp � wr � lv juhdwhu
zkhq wkh rwkhu sod|hu lv frruglqdwlqj e| dovr sod|lqj � wkdq zkhq kh ru vkh
lv plvfrruglqdwlqj e| sod|lqj vrph rwkhu prqlwrulqj vwudwhj| �1

Dvvxpswlrq 8 E+�> �,�E+�> �, � E+�> �,�E+�> �,1

Wkh Vtxduh Prqlwrulqj Jdph1 Zh dvvrfldwh d prqlwrulqj jdph zlwk
wkh Vtxduh Jdph ri Vhfwlrq 5 e| lghqwli|lqj d sod|hu*v prqlwrulqj lqwhqvlw|
zlwk wkh suredelolw| wkdw kh ru vkh revhuyhv dq rgg0pdq0rxw zkhq rqh h{lvwv1
Zh dvvxph wkdw wkh sod|huv* revhuydwlrqv duh shuihfwo| fruuhodwhg/ e| zklfk
zh phdq wkdw d sod|hu zkr prqlwruv d surshuw| zlwk lqwhqvlw| � revhuyhv
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zkdwhyhu lv revhuyhg e| d sod|hu zkr prqlwruv wkh vdph surshuw| zlwk
lqwhqvlw| � � �/ dqg shukdsv pruh1 +Vhh Vhfwlrq 9161, Zh wkhq kdyh wkdw
E+�> �, @ .

H
� . +4� .

H
�, �

�
/ zkhq � � �1 Wkxv D+�, @ �

2
�. �

�
/ dqg

E+�> �, @

+
D+�, li � � �
D+�, li � � �

= +5,

Ohw wkh frvw ixqfwlrq eh F+�, @ �

2
�21 Wkhq Dvvxpswlrqv 4~8 doo krog1 Dovr/

E lv vhpl0gl�huhqwldeoh/ zlwk E3
� +�> �, @ D�+�, @ �

2
/ dqg En

� +�> �, @ 3
zkhq x srlqwv wr wkh uljkw1

Wkh Uhg Vtxduh Prqlwrulqj Jdph1 Zh dvvrfldwh d prqlwrulqj jdph
zlwk wkh Uhg Vtxduh Jdph ri Vhfwlrq 5 e| vxssrvlqj wkdw wkh prqlwrulqj
vwudwhj| � @ +��> �2, uhvxowv lq d sod|hu lghqwli|lqj dq rgg0pdq0rxw lq
vkdsh +zkhq rqh h{lvwv, zlwk suredelolw| ��/ dqg dq rgg0pdq0rxw lq froru
+zkhq rqh h{lvwv, zlwk suredelolw| �21 Djdlq/ sod|huv* revhuydwlrqv duh
shuihfwo| fruuhodwhg1 Dvvxplqj wkdw erwk sod|huv xvh wkh Vkdsh0wkhq0Froru
frqyhqwlrq/ zh kdyh

E+�> �, @ �

2
p� . �

2
p2+4� �

e
P�, . �

�
>

zkhuh p� @ plqi��> ��j dqg P� @ pd{i��> ��j1 Ohw F+�, @ �

e
+�2� . �22,1

Wkhq Dvvxpswlrqv 4~8 krog1 Dovr/ E lv vhpl0gl�huhqwldeoh/ zlwk En
� +�> �, @

3 zkhq x @ +4> 3,1

e ,�L*�|�L?@h�*) 5|@M*i �L?�|Lh�?}

e�� ,�U�i?| i^��*�Mh�@�

Wkh prqlwrulqj jdph lv dvvxphg wr eh xqiudphg/ dqg vr rqo| lwv v|pphwulf
htxloleuld duh uhohydqw1

D sxuh vwudwhj| � fruuhvsrqgv wr d v|pphwulf htxloleulxp zkhq

D+�,� F+�, � E+�> �,� F+�,

iru doo �1 Dvvxpswlrq 4 hqvxuhv wkdw wklv lqhtxdolw| dozd|v krogv zkhq
F+�, � F+�,1 Zkhq F+�, ? F+�,/ lw lv lpsolhg e| wkh lqhtxdolw| D+�, �
D+�, � F+�,�F+�, � 3= E| Dvvxpswlrqv 5~6/ wkh odwwhu lv htxlydohqw wr

3 � F�+�,

D�+�,
� 4 > +6,
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iru doo gluhfwlrqdo ghulydwlyhv D� dqg F� iru zklfk x srlqwv lqwr wkh vsdfh
ri prqlwrulqj vwudwhjlhv/ dqg iru zklfk F�+�, ? 31 Dv d uhvxow/ wkhuh zloo
w|slfdoo| eh d pxowlwxgh ri htxloleuld1 Wklv lv wr eh h{shfwhg1 Iudplqj
lqirupdwlrq lv ydoxdeoh rqo| wr wkh h{whqw wkdw lw idflolwdwhv frruglqdwlrq1
Wkhuh duh wkhq pdq| prqlwrulqj lqwhqvlwlhv wkdw zloo eh rswlpdo li exw rqo|
li wkh| duh fkrvhq e| rqh*v ihoorz sod|huv1 Iru h{dpsoh/ doo prqlwrulqj
vwudwhjlhv � zlwk � � �

2
fruuhvsrqg wr v|pphwulf htxloleuld lq wkh Vtxduh

Prqlwrulqj Jdph1
Vhfwlrq 919 vkrzv wkdw h�flhqw prqlwrulqj lqwhqvlwlhv pxvw eh sxuh1

Dq h�flhqw vwudwhj| �W wkhuhiruh pd{lpl}hv D+�, � F+�,/ dqg vr vdwlv�hv
D�+�

W, @ F�+�
W, iru doo x srlqwlqj lqwr wkh vsdfh ri prqlwrulqj vwudwhjlhv1

Dvvxpswlrq +6, hqvxuhv wkdw wkhuh lv d xqltxh h�flhqw vwudwhj|1
Wkh h�flhqw prqlwrulqj vwudwhj| lq wkh Vtxduh Prqlwrulqj Jdph lv �W @

�

2
/ zklfk lv wkh odujhvw htxloleulxp vwudwhj|1 Pruh jhqhudoo|/ +6, lpsolhv=

Ohppd 4 Wkh h�flhqw vwudwhj| �W fruuhvsrqgv wr dq htxloleulxp ri wkh
prqlwrulqj jdph1

Qrwlfh wkdw �W rqo| mxvw vdwlv�hv wkh vhfrqg lqhtxdolw| lq +6,/ zklfk lv
rxu �uvw lqglfdwlrq wkdw h�flhqf| lv hyroxwlrqdulo| suhfdulrxv lq prqlwru0
lqj jdphv1

Wr dyrlg vshfldo fdvhv/ zh dvvxph wkdw wkh h�flhqw vwudwhj| �W lv lqwhulru/
vr wkdw D�+�

W, @ F�+�
W, iru doo gluhfwlrqv x1 Hyhu| surshuw| lv prqlwruhg

zlwk srvlwlyh lqwhqvlw| dw dq lqwhulru prqlwrulqj vwudwhj|/ dqg vr zloo vrph0
wlphv eh xvhg lq lghqwli|lqj d irfdo srlqw1 Zkhq surshuwlhv duh prqlwruhg
zlwk orz lqwhqvlw|/ wklv lv xqolnho| wr eh d frqvflrxv dfwlylw|1 Dv Vfkhoolqj
revhuyhg/ rqh riwhq grhv qrw dqwlflsdwh zkdw surshuwlhv pljkw pdnh d vwudw0
hj| irfdo lq xqxvxdo vlwxdwlrqv xqwlo frqiurqwhg zlwk wkh qhhg wr pdnh d
frruglqdwlqj ghflvlrq1 Iru h{dpsoh/ shrsoh frpprqo| grq*w dvn wkhpvhoyhv
zkhwkhu jrlqj wr Judqg Fhqwudo Vwdwlrq lv rqh ri wkhlu rswlrqv xqwlo irufhg
wr frqvlghu srvvleoh phhwlqj srlqwv lq Qhz \run Flw|1

e�2 W?�@t�L? M@hh�iht

Ylfnhuv dqg Fdqqlqj ^4<` srlqw rxw wkdw lw lv hpsw| wr vd| wkdw d vwudwhj| �
lv hyroxwlrqdulo| vwdeoh lq dq lq�qlwh jdph/ xqohvv lw dgplwv d srvlwlyh joredo
lqydvlrq eduulhu �W+�,1 +Vhh dovr Erp}h dqg S�rwvfkhu ^7`1, Wklv phdqv wkdw
d pxwdqw pxvw wdnh frqwuro ri d iudfwlrq �W+�, ru pruh ri d srsxodwlrq xvlqj
vwudwhj| � ehiruh lw fdq lqydgh xqghu d prqrwrqlf hyroxwlrqdu| g|qdplf�qr
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pdwwhu zkdw dowhuqdwlyh vwudwhj| � wkh pxwdqw dgrswv1.

D vwudwhj|*v joredo lqydvlrq eduulhu surylghv d jxlgh wr krz orqj wkh
vwudwhj| lv olnho| wr vxuylyh ehiruh vxffxpelqj wr d pxwdqw lqydvlrq1 Wkh
odujhu wkh eduulhu/ wkh ohvv olnho| duh pxwdqwv wr duulyh lq vx�flhqw vwuhqjwk wr
ryhuzkhop wkh h{lvwlqj vwudwhj|/ dqg wkh orqjhu fdq zh h{shfw wkh vwudwhj|
wr shuvlvw1

Gh�qlwlrq 4 Ohw �+�> +4��,�.��, eh wkh h{shfwhg sd|r� wr d sod|hu xvlqj
prqlwrulqj vwudwhj| � lq d srsxodwlrq ri zklfk d iudfwlrq 4 � � xvh �/ dqg
d iudfwlrq � xvh �1 Wkhq wkh joredo lqydvlrq eduulhu �W+�, ri � lv

�W+�, @ vxsi� = � 9@ �, �+�> +4� �,�. ��, A �+�> +4� �,�. ��,j =

Wr vlpsoli| wkh qrwdwlrq zh dgrsw wkh frqyhqwlrq wkdw dwwulexwlqj d qhjdwlyh
ydoxh wr �W+�, lv htxlydohqw wr dvvhuwlqj wkdw �W+�, @ 31 Dwwulexwlqj d ydoxh
wr �W+�, wkdw h{fhhgv rqh lv htxlydohqw wr dvvhuwlqj wkdw �W+�, @ 41

Sursrvlwlrq 4 Wkh joredo lqydvlrq eduulhu ri � lv

�W+�, @ lqi
q �'k

�
F+�,�F+�,�E+�> �, .D+�,

D+�, .D+�,� 5E+�> �,

�
= +7,

Li E lv vhpl0gl�huhqwldeoh dqg vdwlv�hv Dvvxpswlrq 7/ wkhq

�W+�, @ lqi
�

+
UE3

� . +U� 4,En
�

E3
� �En

�

>
UEn

� . +U� 4,E3
�

En
� �E3

�

,
> +8,

zkhuh wkh lq�pxp h{whqgv ryhu doo xqlw yhfwruv x wkdw srlqw iurp � lqwr wkh
vsdfh ri prqlwrulqj vwudwhjlhv/ dqg zkhuh U @ F�@D�/ E

3
� dqg En

� duh doo
hydoxdwhg dw +�> �,1

Surri1 Wr �qg wkh iudfwlrq ri d srsxodwlrq xvlqj � wkdw pxvw eh wdnhq
ryhu e| d pxwdqw xvlqj � ehiruh wkh pxwdqw fdq lqydgh/ zh h{dplqh wkh
uhgxfhg jdph ri Iljxuh 71 Li

P+�> �, @
F+�,� F+�,�E+�> �, .D+�,

D+�, .D+�,� 5E+�> �,
+9,

olhv lq ^3> 4`/ wkhq wkh uhgxfhg jdph kdv d pl{hg htxloleulxp lq zklfk � lv
sod|hg zlwk suredelolw| P+�> �,1 D �jxuh olnh Iljxuh 6 fdq wkhq eh gudzq

.A�i t|@?_@h_ _i�?�|�L? Lu @? ,55 @**L�t "WEk� |L Mi @ u�?U|�L? Lu q� A��t uhii_L4 �t
�??LU�L�t �? �?�|i }@4itc M�| |�i �?�4�4 Lu @** t�U� " 4@) Mi 3ihL �? @? �?�?�|i }@4i�

46



� �

�
D+�,� F+�,

D+�,� F+�,
E+�> �,�F+�,

E+�> �,� F+�,

�
E+�> �,� F+�,

E+�> �,� F+�,
D+�,� F+�,

D+�,� F+�,

Iljxuh 7= Wkh uhgxfhg prqlwrulqj jdph zlwk vwudwhjlhv � dqg �1

lq zklfk wkh pl{hg htxloleulxp P+�> �, vhsdudwhv wkh uhjlrqv zkhuh � dqg
� duh pruh �w1 Khqfh/ vwudwhj| � fdq lqydgh li lw lqlwldoo| vhl}hv pruh wkdq
d iudfwlrq P+�> �, ri wkh srsxodwlrq1 Li P+�> �, A 4 wkhq � grplqdwhv �
dqg wkh odwwhu fdq qhyhu lqydgh1 Li P+�> �, ? 3/ wkhq � lv d vxshulru uhso|
wr �/ dqg wkh lqydvlrq eduulhu lv }hur/ jlylqj +7,1

Wr rewdlq +8,/ wdnh � @ � . �x lq +7,1 Dvvxpswlrq 7 hqvxuhv wkdw
P+�> �, ghfuhdvhv dv � dssurdfkhv � iurp dq| gluhfwlrq1 Khqfh/ lw vx�fhv
wr h{dplqh wkh olplwlqj ydoxhv ri P+�> �, dv � $ 3. dqg � $ 3�/ zklfk
duh/ uhvshfwlyho|/

F�+�,�En
� +�,

D�+�,� 5En
� +�,

dqg
F�+�,�E3

� +�,

D�+�,� 5E3
� +�,

= +:,

Li E lv vhpl0gl�huhqwldeoh/ zh fdq xvh +4, wr uhzulwh wkh h{suhvvlrqv lq +:,
wr rewdlq wkrvh lq +8,1 mm

Wkh ghulydwlrq ri +8, h{sorlwv wkh idfw wkdw wkh pxwdqw vwudwhjlhv wkdw
fdq prvw hdvlo| lqydgh d srsxodwlrq sod|lqj � olh duelwudulo| forvh wr �1 Wklv
lv wkh �uvw ri vhyhudo lqglfdwlrqv wkdw wkh pxwdqwv zkr duh prvw olnho| wr
ghvwdelol}h dq htxloleulxp olh qhdue| lq wkh vsdfh ri prqlwrulqj vwudwhjlhv1
Wklv lv frqvlvwhqw zlwk wkh elrorjlfdo ylhz ri hyroxwlrq1 Dv Mdfre ^<` sxwv lw/
Qdwxuh wlqnhuv e| fuhdwlqj vpdoo yduldwlrqv rq zkdw vkh kdv douhdg| fuhdwhg
udwkhu wkdq wkurzlqj _krshixo prqvwhuv% lqwr wkh ulqj1

Fruroodu| 4 Wkh prqlwrulqj vwudwhj| a� zlwk wkh odujhvw joredo lqydvlrq edu0
ulhu lv wkh xqltxh � wkdw pd{lpl}hv

D+�,� 5F+�,>

Lw lv dozd|v wuxh wkdw �W+a�, � �

2
1 Li E lv vhpl0gl�huhqwldeoh dqg vdwlv�hv

Dvvxpswlrq 7/ wkhq �W+a�, @ �

2
1
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Surri1 Wkh h{suhvvlrq +9, iru P +�> �, lv juhdwhu ru ohvv wkdq �

2
ghshqglqj

rq zkhwkhu E+�,�5F+�, lv juhdwhu ru ohvv wkdq E+�,�5F+�,1 Exw a� lv wkh
xqltxh prqlwrulqj vwudwhj| wkdw pd{lpl}hv E+�,� 5F+�, +Dvvxpswlrq 6,1
Khqfh �W+a�, � �

2
/ dqg �W+�, ? �

2
iru dq| � 9@ �1 Li E lv vhpl0gl�huhqwldeoh

dqg Dvvxpswlrq 7 krogv/ wkhq En
� . E3

� @ D� @ 5F� dw a� +e| +4,,1 Lw
iroorzv wkdw wkh wzr udwlrv lq +8, erwk htxdo �

2
/ dqg khqfh vr grhv �W+a�,1 mm

Fruroodu| 5 Vxssrvh wkdw E lv vhpl0gl�huhqwldeoh dqg vdwlv�hv wkh frq0
fdylw| frqglwlrq ri Dvvxpswlrq 71 Wkhq wkh joredo lqydvlrq eduulhu ri wkh
h�flhqw prqlwrulqj vwudwhj| �W lv }hur li En

� +�
W> �W, @ 3 ru E3

� +�
W> �W, @ 3

iru vrph gluhfwlrq x1

Surri1 Lw iroorzv iurp +8, 3i Sursrvlwlrq 4 wkdw

�W+�W, � plqiU> 4�Uj >
zlwk htxdolw| zkhqEn

� @ 3 ruE3
� @ 3 iru vrph x1 Exw U @ F�+�

W,@D�+�
W, @

4/ jlylqj wkh uhvxow1 mm
Wr lqwhusuhw wklv frqfoxvlrq/ vxssrvh wkdw D�+�

W> �W, A 3 iru vrph xqlw
yhfwru x1 E| +4,/ En

� +�
W> �W,.E3

� +�
W> �W, @ D�+�

W,/ dqg vr En
� +�

W> �W, @ 3
lpsolhv wkdw E3

� +�
W> �W, @ D�+�

W> �W,1 D pdujlqdo uhgxfwlrq lq wkh pxwdqw*v
prqlwrulqj lqwhqvlwlhv ehorz �W +lq wkh gluhfwlrq �x, wkxv kdv yluwxdoo|
qr h�hfw rq wkh pxwdqw*v sd|r� djdlqvw lwvhoi +dq h�hfw ri dssur{lpdwho|
D�+�

W,� F�+�
W, @ 3, ru djdlqvw wkh h�flhqw vwudwhj| +dq h�hfw ri dssur{0

lpdwho| E3
� +�

W> �W,� F�+�
W, @ D�+�

W,� F�+�
W, @ 3,1 Krzhyhu/ zkhqhyhu

lw sod|v wkh pxwdqw/ wklv uhgxfwlrq lpsrvhv d orvv ri E3
� +�

W> �W, wkdw lv df0
frpsdqlhg e| qr fruuhvsrqglqj frvw vdylqjv iru wkh h{lvwlqj vwudwhj|1 Wkh
pxwdqw wkxv hduqv d kljkhu h{shfwhg sd|r� dqg fdq lqydgh1 Djdlq zh vhh
wkh lpsruwdqfh ri orfdo pxwdqwv/ dqg lq wklv fdvh wkh lpsruwdqfh ri pxwdqwv
zkr prqlwru ohvv lqwhqvho|1

Wkh Vtxduh Prqlwrulqj Jdph djdlq1 Lqvhuwlqj +5, lq +9, dqg xvlqj
wkh idfw wkdw D lv frqfdyh dqg F frqyh{/ zh kdyh wkdw

P+�> �, @

;A?
A=

4� �E��3�E��
�E��3�E�� � 4� ��E��

��E�� li � ? �

�E��3�E��
�E��3�E��

� ��E��
��E�� li � A �

= +;,

Lw iroorzv wkdw P+�> �, lv vpdoohvw lq wkh olplw dv � $ �/ dqg

�W+�, @ plq

�
4� F �+�,

D�+�,
>
F �+�,

D�+�,

�
= +<,
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Wkh h�flhqw vwudwhj| �W @ �

2
kdv d joredo lqydvlrq eduulhu ri }hur1 Wkh

odujhvw joredo lqydvlrq eduulhu ri �

2
rffxuv dw a� @ �

e
+zkhuh D�+a�, @ 5F �+a�,,1

Wkh h�flhqw vwudwhj| �W lv wkhuhiruh txlwh yxoqhudeoh wr pxwdqw lqydvlrq/
zkhuhdv a� lv uhodwlyho| lppxqh1

Wkh Uhg Vtxduh Prqlwrulqj Jdph djdlq1 Wkh h�flhqw vwudwhj| �W @
+ e
.
> e
.
, kdv d joredo lqydvlrq eduulhu ri }hur1 Wkh odujhvw joredo lqydvlrq eduulhu

ri �

2
rffxuv dw a� @ + e

��
> e

��
,1

Sro|prusklf lqydvlrqv1 Zh kdyh irfxvhg wkurxjkrxw rq lqydvlrqv e|
zdyhv ri pxwdqwv zkr doo sod| wkh vdph vwudwhj|1 Wklv lv hvshfldoo| frqvlvwhqw
zlwk wkh elrorjlfdo olwhudwxuh/ lq zklfk lqydvlrqv duh wkrxjkw wr ruljlqdwh
zlwk vlqjoh pxwdwlrqv wkdw ehfrph hvwdeolvkhg lq lvrodwhg vxesrsxodwlrqv
wr zklfk wkh sduhqw srsxodwlrq lv vxevhtxhqwo| h{srvhg1 Rxu uhvxowv dovr
krog zlwk wkh sro|prusklf lqydvlrqv/ h{fhsw wkdw Fruroodu| 4 wkhq uhtxluhv
Dvvxpswlrq 81

e�� +�t! #L4�?@?Ui

Wkh frqglwlrq wkdw � ulvn grplqdwhv � lq wkh uhgxfhg jdph ri Iljxuh 7 lv
wkdw P+�> �, A �

2
lq +9,1 Wklv krogv li dqg rqo| li

D+�,� 5F+�, A D+�,� 5F+�, = +43,

Zh fdq wkhuhiruh fkdudfwhul}h wkh prqlwrulqj vwudwhj| a� zlwk wkh pd{lpxp
joredo lqydvlrq eduulhu dv wkh vwudwhj| wkdw ulvn grplqdwhv doo rwkhu vwudwhjlhv
lq sdluzlvh frpsdulvrqv1 Lq sduwlfxodu=

Fruroodu| 6 Wkh h�flhqw prqlwrulqj vwudwhj| �W lv sdluzlvh ulvn grpl0
qdwhg1

Wkh h�flhqw vwudwhj| �W lv qrw rqo| ulvn0grplqdwhg lq d sdluzlvh frp0
sdulvrq zlwk a�/ exw dovr e| pxwdqwv o|lqj duelwudulo| forvh wr/ exw prqlwru0
lqj ohvv lqwhqvho| wkdq/ �W1 Wkh h�flhqw vwudwhj| vdwlv�hv D+�W, � D+�, �
F+�W,�F+�,> exw � ulvn0grplqdwhv �W li D+�W,�D+�, ? 5+F+�W,�F+�,,=
Iru pxwdqwv o|lqj vx�flhqwo| forvh wr �W/ wkh �uvw h{suhvvlrq lv qhduo| dq
htxdolw|/ dqg vr wkh vhfrqg h{suhvvlrq dovr krogv zkhq F+�, ? F+�W,1 Zh
wkhuhiruh jdlq vrph lqvljkw lqwr krz wkh h�flhqw vwudwhj| pd| eh ghvwdel0
ol}hg e| dq lqydvlrq ri ohvv frvwo| qhdue| vwudwhjlhv1 Dw dq h�flhqw rxwfrph
wkh orvw ehqh�w lq prqlwrulqj voljkwo| ohvv lqwhqvho| lv mxvw edodqfhg e| wkh
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ghfuhdvhg frvw1 Pxwdqwv zkr prqlwru d olwwoh ohvv lqwhqvho| wkhuhiruh vh0
fxuh rqo| voljkwo| ohvv wkdq wkh h�flhqw sd|r� zkhq sod|lqj djdlqvw frslhv
ri wkhpvhoyhv/ exw wkh| dovr dfklhyh d vdylqj lq frvw zkhq sod|lqj djdlqvw
wkh h�flhqw vwudwhj|/ dq dgydqwdjh wkdw doorzv orzhu0frvw pxwdqwv wr ulvn0
grplqdwh wkh h�flhqw vwudwhj| lq d sdluzlvh frpsdulvrq1

e�e 5|LU�@t|�U 5|@M�*�|)

Zh qrz h{dplqh d prgho ri ehvw0uhvsrqvh g|qdplfv zlwk lqhuwld lq wkh vslulw
slrqhhuhg e| Ndqgrul/ Pdlodwk dqg Ure ^43` dqg \rxqj ^53`1 Li P lv wkh
qxpehu ri surshuwlhv lq d prqlwrulqj jdph/ frqvlghu d julg ri prqlwrulqj
vwudwhjlhv lq LU�n zkrvh phvk lv ohvv wkdq vrph vpdoo � A 31 Ehfdxvh
E+�, � 4 dqg F+�, lv lqfuhdvlqj dqg frqyh{/ zh fdq uhvwulfw dwwhqwlrq wr d
�qlwh vxevhw ri wklv julg/ uhihuuhg wr dv wkh vhw ri dgplvvleoh vwudwhjlhv/ wkdw
h{foxghv prqlwrulqj lqwhqvlwlhv zklfk hqvxuh qhjdwlyh sd|r�v1 Zh dvvxph
zlwkrxw orvv ri jhqhudolw| wkdw doo vwudwhjlhv � ri sduwlfxodu lqwhuhvw duh srlqwv
lq wkh julg1

D odujh exw �qlwh srsxodwlrq ri � sod|huv sod| d frruglqdwlrq jdph lq
d urxqg0urelq wrxuqdphqw hdfk shulrg1 Dw wkh hqg ri hdfk shulrg/ hdfk
sod|hu lqghshqghqwo| uhfhlyhv d vljqdo zlwk suredelolw| � A 31 Sod|huv zkr
uhfhlyh wkh vljqdo vzlwfk wkhlu vwudwhj| wr d ehvw uhvsrqvh wr wkh vwudwhjlhv
sod|hg lq wkh suhylrxv shulrg1 Rwkhu sod|huv frqwlqxh wr xvh wkhlu suhylrxv
vwudwhjlhv1 Hdfk sod|hu lv wkhq lqghshqghqwo| vhohfwhg wr eh d _pxwdqw% zlwk
suredelolw| � A 31 Pxwdqwv lqghshqghqwo| vzlwfk wr d qhz vwudwhj| wkdw lv
htxdoo| olnho| wr eh dq| ri wkrvh dydlodeoh lq wkh julg1

Wkhvh ehkdylrudo uxohv gh�qh wkh wudqvlwlrq suredelolwlhv iru d vwrfkdvwlf
surfhvv1 D vwdwh ri wklv surfhvv lv d vshfl�fdwlrq ri wkh qxpehu ri sod|huv
xvlqj hdfk srvvleoh vwudwhj| lq d prqlwrulqj jdph1 Wkh vwdwh � lv wr eh
xqghuvwrrg dv wkh vwdwh lq zklfk hyhu|rqh sod|v �1 Zh duh lqwhuhvwhg lq zkdw
kdsshqv lq wkh xowudorqj uxq/ zkhq wkh pxwdwlrq udwhv ehfrph ydqlvklqjo|
vpdoo1 Pruh suhflvho|/ zh vhhn vwdwhv wkdw duh vwrfkdvwlfdoo| vwdeoh/ zklfk
phdqv wkdw wkh| duh dvvljqhg srvlwlyh suredelolw| zkhq zh wdnh wkh olplw ri
wkh lqyduldqw glvwulexwlrq ri rxu vwrfkdvwlf surfhvv dv � $ 3 +\rxqj ^53`/
Ndqgrul/ Pdlodwk dqg Ure ^43`/ Vdpxhovrq ^47`,1

Sursrvlwlrq 5 Ohw Dvvxpswlrq 8 krog1 Wkhq iru vx�flhqwo| odujh �/ wkh
xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh lv a�/ wkh prqlwrulqj vwudwhj| � wkdw pd{l0
pl}hv D+�,� 5F+�,1
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Surri1 Vwudwhj| a� ulvn grplqdwhv hyhu| rwkhu sxuh vwudwhj| lq d sdluzlvh
frpsdulvrq dqg khqfh/ iru dq| sxuh vwudwhj| � lq wkh �qlwh vhw ri dgplvvleoh
vwudwhjlhv/ zh kdyh

�

2
�+a�> a�, . �

2
�+a�> �, A �

2
�+�> a�, . �

2
�+�> �,= +44,

Qrz vxssrvh wkdw kdoi ri wkh srsxodwlrq sod|v a� dqg wkdw sursruwlrqv
n�> = = = > n6 ri wkh srsxodwlrq sod| vwudwhjlhv ��> = = = > �6/ uhvshfwlyho|1 Zh
wkhq qrwh wkdw/ iru dq| dgplvvleoh �=

�

2
�+a�> a�, .

6[
�'�

n��+a�> ��, @ �

2
�+a�> a�, .

6[
�'�

n��+a�> �, .
6[
�'�

n�^E+a�> �� �E+a�> �,`

A �

2
�+�> a�, .

6[
�'�

n��+�> �, .
6[
�'�

n�^E+�> �� �E+�> �,`

@ �

2
�+�> a�, .

6[
�'�

n��+�> ��,>

zkhuh wkh lqhtxdolw| iroorzv iurp +44, dqg +8, +zklfk/ e| d vxlwdeoh shupx0
wdwlrq ri �/ �/ dqg �/ jlyhv E+a�> ��, � E+a�> �, A E+�> a�, � E+�> �,,1 Zh
kdyh wkhq vkrzq wkdw a� lv d vwulfw ehvw uhvsrqvh wr dq| srsxodwlrq lq zklfk
dw ohdvw kdoi ri wkh djhqwv sod| a�/ l1h1/ lw lv �

2
0grplqdqw1 Hoolvrq vkrzv wkdw

a� pxvw wkhq eh wkh xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh +^:/ Fruroodu| 4`,1 mm
Zkhq wkhuh lv d xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh/ lw lv wkh urrw ri wkh

_plqlpxp0uhvlvwdqfh% wuhh/ zkhuh wkh qrghv ri vxfk d wuhh duh wkh vwdwhv
ri wkh v|vwhp/ dqg hdfk hgjh fduulhv d uhvlvwdqfh zklfk phdvxuhv wkh plq0
lpxp qxpehu ri pxwdwlrqv uhtxluhg wr jhw wkh v|vwhp iurp wkh ruljlq wr
wkh whuplqxv ri wkh hgjh/ xvlqj wkh ehvw0uhvsrqvh g|qdplfv wr klwfk d iuhh
ulgh zkhuh srvvleoh1 Zh looxvwudwh wklv frqvwuxfwlrq lq wkh fdvh ri wkh Vtxduh
Prqlwrulqj Jdph1

Wkh Vtxduh Prqlwrulqj Jdph |hw djdlq1 Lq frqvlghulqj wkh uhvlv0
wdqfh lq sdvvlqj iurp vwdwh � wr vwdwh �/ wkh orfdwlrq ri wkh pl{hg htxlole0
ulxp ri wkh uhgxfhg prqlwrulqj jdph frqwdlqlqj rqo| vwudwhjlhv � dqg � lv
uhohydqw1 Li wklv uhtxluhv wkdw � eh sod|hg zlwk suredelolw| P +�> �,/ wkhq
zh qhhg ^�P+�> �,` . 4 vlpxowdqhrxv pxwdwlrqv wr erxqfh wkh v|vwhp iurp
� lqwr wkh edvlq ri dwwudfwlrq ri �1 Zkhq wkh srsxodwlrq vl}h � lv odujh/ lw
iroorzv wkdw wkh joredo lqydvlrq eduulhu ri � lghqwl�hv wkh plqlpxp uhvlv0
wdqfh lq sdvvlqj iurp � wr vrph rwkhu htxloleulxp �/ zklfk zh vd| lv wkh
_qhduhvw% htxloleulxp wr �1
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α
1/4 1/2

Iljxuh 8= Plqlpl}lqj vwrfkdvwlf srwhqwldo lq wkh Vtxduh Prqlwrulqj Jdph1

Lw iroorzv iurp +;, wkdw wkh joredo lqydvlrq eduulhu ri � lv F �+�,@D�+�,
zkhq D�+�, � 5F �+�, � 3/ dqg wkh _qhduhvw% htxloleulxp olhv lpphgldwho|
wr wkh uljkw ri �1 Li D�+�,� 5F �+�, � 3/ wkhq wkh joredo lqydvlrq eduulhu lv
4�F �+�,@D�+�,/ dqg wkh _qhduhvw% htxloleulxp olhv lpphgldwho| wr wkh ohiw1

Zh frqvwuxfw wkh wuhh vkrzq lq Iljxuh 8 e| mrlqlqj hdfk htxloleulxp rwkhu
wkdq a� wr lwv _qhduhvw% qhljkeru1 Shqglqj dwwhqwlrq wr wzr frpsolfdwlrqv/
wklv wuhh plqlpl}hv wrwdo uhvlvwdqfh1 Iluvw/ zh kdyh lqfoxghg dv qrghv lq rxu
wuhh rqo| vwdwhv wkdw fruuhvsrqg wr prqrprusklf htxloleuld1 Krzhyhu/ wkh
ehvw uhvsrqvh g|qdplfv doorz xv wr pryh iurp dq| qrqhtxloleulxp vwdwh ri
wklv jdph wr dq htxloleulxp zlwkrxw lqfxuulqj dq| pxwdwlrqv/ dqg khqfh
zlwkrxw lqfuhdvlqj wkh uhvlvwdqfh ri wkh wuhh/ vr wkdw wkh odwwhu vwdwhv fdq
eh qhjohfwhg1 Vhfrqgo|/ zh kdyh dvvxphg wkdw zkhq pdnlqj d wudqvlwlrq
iurp vwdwh � wr �/ wkh plqlpxp qxpehu ri pxwdwlrqv fdq eh dfklhyhg e|
kdylqj doo pxwdqwv sod| vwudwhj| �1 Dvvxpswlrq 8 hqvxuhv wkdw wklv lv wkh
fdvh1 Khqfh/ a� lv wkh xqltxh vwrfkdvwlfdoo| vwdeoh htxloleulxp ri wkh Vtxduh
Prqlwrulqj Jdph1

Wkh Uhg0Vtxduh Prqlwrulqj Jdph |hw djdlq1 D vlplodu dujxphqw
doorzv xv wr gudz d vfkhpdwlf ri wkh plqlpdo wuhh ri Iljxuh 9/ zkrvh urrw
olhv dw wkh lqh�flhqw htxloleulxp a� @ + e

��
> e

��
,1

D #�tU�tt�L?

Lq uhdo0olih jdphv/ irfdo ru vdolhqfh frqvlghudwlrqv duh riwhq xvhg wr fkrrvh
ehwzhhq pxowlsoh htxloleuld1 Vfkhoolqj*v ^49` zrun vkrzv wkdw wkh surfhvv e|
zklfk zh frqyhuw fxhv iurp wkh hqylurqphqw lqwr d fkrlfh ri d frruglqdwlrq
vwudwhj| lv odujho| xqfrqvflrxv1 Lw lv rqo| zkhq frqiurqwhg zlwk klv irupdo
h{dpsohv�lq zklfk shrsoh duh fohdu derxw zkdw lv irfdo zlwkrxw ehlqj deoh
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α1

α2

1

1

(7/11,7/11)

(4/11,4/11)

Iljxuh 9= Wkh plqlpdo wuhh iru wkh Uhg0Vtxduh Prqlwrulqj Jdph1 Wkh
ixqfwlrqv duh jlyhq e| �2@+4� �

e
��, @ +4���,@+4. �

e
�2, dqg �2@+4� �

e
��, @

4� +4� ��,@+4 . �

e
�2,1

wr vd| zk|�wkdw rqh uhdol}hv wkdw zh pxvw eh frqwlqxrxvo| prqlwrulqj d
zkroh udqjh ri srvvleoh frruglqdwlqj fxhv iurp wkh hqylurqphqw1 Zh fdoo
wkh froohfwlrq ri vxfk frqwh{wxdo fxhv d iudplqj ri d uhdo0olih jdph1

Jdph wkhrulvwv kdyh wudglwlrqdoo| devwudfwhg dzd| iudplqj h�hfwv lq ru0
ghu wr frqvwuxfw d zruog lq zklfk wkh txhvwlrq ri zkdw frqvwlwxwhv udwlrqdo
ehkdylru fdq eh vwxglhg zlwkrxw glvwudfwlrq1 Wklv sdshu pryhv lq wkh rwkhu
gluhfwlrq e| lqfrusrudwlqj wkh fkrlfh ri krz pxfk dwwhqwlrq sod|huv fkrrvh
wr sd| wr wkh iudph ri d jdph dv d pryh lq dq hyroxwlrqdu| jdph zlwklq
zklfk wkh sxuh frruglqdwlrq jdph ri wudglwlrqdo jdph wkhru| lv hpehgghg1
Wkh uhvxow lv d jdph lq zklfk hyroxwlrqdu| irufhv zloo whqg wr vhohfw lqh�0
flhqwo| orz prqlwrulqj lqwhqvlwlhv1

Wkh lqwxlwlrq lv vlpsoh1 Vxssrvh wkdw d srsxodwlrq xvlqj lqh�flhqwo| orz
prqlwrulqj lqwhqvlwlhv lv lqydghg e| d pxwdqw zkr prqlwruv pruh lqwhqvho|1
Wkh kljkhu prqlwrulqj frvwv pd| eh pruh wkdq frpshqvdwhg iru e| wkh
lqfuhdvhg iuhtxhqf| ri frruglqdwlrq zkhq wkh pxwdqw lv pdwfkhg zlwk d
frs| ri lwvhoi/ exw wkh pxwdqw frqwlqxhv wr ehdu wkh kljkhu prqlwrulqj frvwv
zkhq sod|lqj djdlqvw wkh lqfxpehqw vwudwhj| zlwkrxw dq| frpshqvdwlqj
lqfuhdvh lq ehqh�w1 Dv d uhvxow/ lqfuhdvhg prqlwrulqj wkdw zrxog eh h�flhqw
li shuiruphg e| wkh zkroh srsxodwlrq qhhg qrw hqmr| hyroxwlrqdu| vxffhvv1
Frqyhuvho|/ h�flhqw rxwfrphv duh yxoqhudeoh wr lqydvlrq e| d vxffhvvlrq ri
qhdue| pxwdqwv zkr prqlwru ohvv lqwhqvho|1
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Xqghu uhodwlyho| plog frqglwlrqv/ zh dujxh wkdw rqh lv olnho| wr �qg d
srsxodwlrq dw dq htxloleulxp zkhuh pdujlqdo ehqh�w htxdov wzlfh pdujlqdo
frvw�udwkhu wkdq dw wkh h�flhqw htxloleulxp zkhuh pdujlqdo ehqh�w htxdov
rqfh pdujlqdo frvw�surylghg wkdw wkh dydlodeoh wlph vsdq lv vx�flhqwo|
orqj1 Wkh wzr lq wklv uhvxow dsshduv iru hvvhqwldoo| wkh vdph uhdvrq wkdw
rqh h{shfwv d vwrfkdvwlf hyroxwlrqdu| surfhvv wr wdnh d srsxodwlrq wr wkh
ulvn0grplqdqw htxloleulxp udwkhu wkdq wkh sd|r�0grplqdqw htxloleulxp lq d
5� 5 jdph ri lpsxuh frruglqdwlrq1

S �TTi?_� 

S�� �?i W?_iTi?_i?| �hLTih|)

Ohw Y +Q> s, eh wkh h{shfwhg sd|r� lq d jdph zlwk Q vwudwhjlhv dqg d vlqjoh
surshuw| wkdw lv lqghshqghqwo| dvvljqhg wr hdfk vwudwhj| zlwk suredelolw| s1

Ohppd 5 Ohw sW+Q, pd{lpl}h Y +Q> s,1 Wkhq

olp
�<"

sW+Q, � 4=63

Q

olp
�<"

Y +Q> sW+Q,, � =83=

Surri1 Zh kdyh Y +Q> s, @

�
s� . +4� s,�

� 4

Q
.

�3�[
&'�

#
Q
n

$�
s&+4� s,�3&

�
pd{

�
4

n
>

4

Q � n

�
= +45,

Wkh �uvw whup fdswxuhv wkh hyhqw wkdw wkh surshuw| hlwkhu dvvljqv d 3 wr hdfk
vwudwhj| ru dvvljqv d 4 wr hdfk vwudwhj|/ surylglqj qr khos zlwk frruglqdwlrq
dqg grrplqj wkh sod|huv wr d sd|r� ri 4@Q 1 Wkh vxppdwlrq fdswxuhv wkrvh
fdvhv lq zklfk dw ohdvw rqh vwudwhj| lv dvvljqhg d 4 dqg dw ohdvw rqh vwudwhj|
lv dvvljqhg d 31 Wkh pd{lpxp dsshduv lq wkh �qdo whup ehfdxvh sod|huv
idflqj n 4v fdq hlwkhu frruglqdwh rq wkh 4v wr dfklhyh d sd|r� ri 4@n ru
frruglqdwh rq wkh frpsohphqwdu| 3v wr dfklhyh d sd|r� ri 4@+Q � n,/ dqg
zloo gr zklfkhyhu surgxfhv wkh kljkhu sd|r�1

Iru hdfk lqwhjhu Q � 4/ ohw s� pd{lpl}h Y +Q> s,1 Wkh suredelolw| ri
suhflvho| n rqhv ehlqj gudzq lq Q lqghshqghqw wuldov lv#

Q
n

$
s&� +4� s� ,

�3& @ s�Qn

#
Q � 4
n � 4

$
s&3�� +4� s,EE�3��3E&3���= +46,
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Qrz vxssrvh wkdw Qs� $ f dv Q $4 wkurxjk vrph vxevhtxhqfh dqg iru
vrph frqvwdqw f1 Li f @4/ wkhq wkh uljkw vlgh ri +46, fdq uhpdlq �qlwh +dv
lw pxvw/ vlqfh wkh ohiw vlgh lv d suredelolw|, rqo| li wkh suredelolw| ri n � 4
4v dssurdfkhv }hur dv Q jurzv/ iru dq| n � 41 Exw wkhq wkh h{shfwhg sd|r�
dfklhyhg e| frruglqdwlqj rq vwudwhjlhv dvvljqhg d 4 dssurdfkhv }hur1 Li f @ 3/
wkhq wkh uljkw vlgh ri +46, dssurdfkhv }hur/ uhtxlulqj wkh suredelolw| ri n 4v
+wkh ohiw vlgh, wr dssurdfk }hur iru dq| n � 4/ djdlq jlylqj d }hur sd|r� iurp
frruglqdwlqj rq vwudwhjlhv dvvljqhg d 41 Dsso|lqj d v|pphwulf dujxphqw wr
wkh h{shfwhg qxpehu ri }hurv +4 � s� ,Q / zh �qg wkdw rswlpdolw| uhtxluhv
wkdw hlwkhu S�Q ru +4�s� ,Q dssurdfk d srvlwlyh/ �qlwh frqvwdqw1 Zlwkrxw
orvv ri jhqhudolw|/ dvvxph S�Q $ f zlwk 3 ? f ?41

Qrz/ revhuyh wkdw/ iru d �{hg ydoxh ri s�Q @ f/#
Q
n

$
s&� +4� s� ,

�3& @

#
Q
n

$�
f

Q � f

�� �
4� f

Q

��

@
Q

Q � f

Q � 4

Q � f
� � � � � Q � n . 4

Q � f

f&

n$

�
4� f

Q

��

$ f&

n$
h3S= +47,

Khqfh/ lq wkh olplwlqj fdvh ri odujh Q / wkh olnho| qxpehu ri 4v lv jryhuqhg
e| d Srlvvrq glvwulexwlrq zlwk phdq f1 Vlqfh dq revhuydwlrq ri qr 4v jlyhv
dq h{shfwhg sd|r� ri 4@Q / dqg dq revhuydwlrq ri n A 3 4v jlyhv dq h{shfwhg
sd|r� ri 4@n/ wkh olplwlqj sd|r� +45,/ dv Q $4/ lv jlyhq e|

"[
&'�

4

n

f&

n$
h3S= +48,

Zh qrz qrwh wkdw wkh h{suhvvlrq lq +48, kdv d xqltxh orfdo pd{lpxp1 Lq
sduwlfxodu/ f @ 3 lv d orfdo plqlpxp/ zkloh d }hur �uvw ghulydwlyh ri +48,
lpsolhv wkdw wkh vhfrqg ghulydwlyh lv qhjdwlyh1 Qh{w/ zh fdq �qg vx�flhqwo|
odujh f dqg Q vxfk wkdw iru doo f A f dqg Q A Q /

Y +Q> f@Q, ? Y +Q> 4@Q,=

Wklv iroorzv iurp wkh idfw wkdw iru s�Q @ 4/ wkh suredelolw| ri h{dfwo|
rqh ydoxh ri 4 dssurdfkhv 4@h/ dqg khqfh wkh sd|r� Y +Q> 4@Q, kdv d orzhu
erxqg duelwudulo| forvh wr 4@h iru odujh Q 1 Lq frqwudvw/ iru vx�flhqwo| odujh
ydoxhv ri s�Q @ f/ wkh suredelolw| ri ihzhu wkdq f@5 ru pruh wkdq 5f rqhv lv
dovr duelwudulo| vpdoo zkhq Q lv odujh/ hqvxulqj wkdw iru odujh f/ Y +Q> f@Q,
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kdv d olplwlqj xsshu erxqg duelwudulo| forvh wr 5@f/ zklfk vx�fhv iru wkh
fodlp1 Khqfh/ zh fdq uhvwulfw dwwhqwlrq wr ydoxhv ri f lq dq lqwhuydo ^3> f`1

Zh qrz qrwh wkdw +45, frqyhujhv wr +48, xqlirupo| rq wkh frpsdfw lq0
whuydo ^3> f`1 Lw vx�fhv iru wklv frqfoxvlrq wkdw wkh frqyhujhqfh lq +47, lv

xqlirup iru dq| n1 Wr hvwdeolvk wkh odwwhu/ zh qrwh wkdw
�
4� S

�

��
lv d

ghfuhdvlqj vhtxhqfh ri ixqfwlrqv frqyhujlqj wr wkh frqwlqxrxv olplw h3S rq
wkh frpsdfw vhw ^3> f`/ dqg khqfh frqyhujhv xqlirupo| +Uxglq ^46/ Wkhruhp
:146`,1 Zh qh{w qrwh wkdw �

�3S
�3�
�3S �� � �� �3&n�

�3S lv plqlpl}hg dw f @ 3 dqg
pd{lpl}hg dw f @ f/ dqg khqfh ixuwkhvw iurp lwv olplw +dv Q jurzv, ri xqlw|
iru rqh ri f 5 i3> fj1 Wkh frqyhujhqfh iru wkhvh wzr ydoxhv ri f wkxv lpsolhv
xqlirup frqyhujhqfh1 Wrjhwkhu/ wkhvh lpso| wkh xqlirup frqyhujhqfh ri +45,
wr +48,1

Dq| pd{lpl}hu ri +45, pxvw wkhq frqyhujh wr wkh pd{lpl}hu ri +48,1 Dv
Q jurzv/ wkh rswlpdo ydoxh ri s�Q wkxv dssurdfkhv wkh odwwhu1 Vroylqj wkh
pd{lpl}dwlrq sureohp jlyhq e| +48, qxphulfdoo|/ zh kdyh dq rswlpdo ydoxh
ri f � 4=63 dqg khqfh

sW+Q,$ 4=63

Q
= +49,

Vlploduo|/ zh fdq vroyh qxphulfdoo| iru wkh olplwlqj rswlpdo sd|r� +htxdo wr
dssur{lpdwho| 183,1 mm

S�2 �@?) W?_iTi?_i?| �hLTih|�it

Ohw wkhuh eh P surshuwlhv S�> = = = > S� / hdfk ri zklfk lv lqghshqghqwo| dv0
vljqhg wr hdfk vwudwhj| zlwk d suredelolw| s� wkdw lv frqvwdqw dfurvv vwudwh0
jlhv iru d jlyhq surshuw| exw pd| ydu| dfurvv surshuwlhv1 Ohw fW eh wkh
rswlpdo ydoxh ri sQ zkhq wkhuh lv d vlqjoh vxfk vwudwhj| +� 4=63,/ fdofx0
odwhg lq wkh suhylrxv ohppd1 Ohw Y +Q>P, eh wkh h{shfwhg sd|r� iurp d
jdph ri vl}h Q zlwk P rswlpdoo|0fkrvhq vxfk surshuwlhv/ dqg ohw Y +P , @
olp�<" Y +Q>P,1 Wkhq=

Ohppd 6

Y +P, � 4�
�
4� 4

h

�2�3�

+4:,

Y +P . 4,� Y +P, � +4� Y +P,,
4

h
= +4;,

Surri1 Iluvw/ ohw s� @ �

2
iru l @ 4> = = = > q � 4 dqg s? @ 5�3�@Q 1 Wkhq

dv Q jhwv odujh/ hdfk ri wkh �uvw P � 4 surshuwlhv surgxfhv d sursruwlrq
ri 4v duelwudulo| forvh wr Q@51 Khqfh/ zh fdq surfhhg dv li wkh vwudwhjlhv
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duh glylghg lqwr 5�3� jurxsv ri vl}h Q@5�3� hdfk1 Zlwk d suredelolw| wkdw
dssurdfkhv 4@h/ wkhPwk surshuw| surgxfhv suhflvho| rqh 4 rq vxfk d jurxs/
doorzlqj d sd|r� ri rqh1 Xqghuhvwlpdwlqj wkh h{shfwhg sd|r� e| dvvxplqj
wkh sd|r� wr eh }hur zkhqhyhu zh gr qrw dfklhyh dw ohdvw rqh jurxs zlwk
h{dfwo| rqh 4/ zh rewdlq +4:,/ zklfk fdq eh uhirupxodwhg wr jlyh +4;,1 mm

Lw lv vwudljkwiruzdug wr vkrz wkdw wklv frq�jxudwlrq ri surshuwlhv/ zlwk
wkh h{fhswlrq wkdw s� lv fkrvhq rswlpdoo|/ lv sd|r�0pd{lpl}lqj/ vr wkdw
Y +P, lv pd{lpl}hg e| ohwwlqj

s� @ �

2
> l @ 4> = = = >P � 4> s� @

fW5�3�

Q
=

S�� A�i �i?i�| 6�?U|�L?

Ohw S dqg S � eh vxevhwv ri iS�> S2> = = = > S�j dqg ohw K+S>S �, eh wkh sure0
delolw| ri vxffhvvixo frruglqdwlrq/ dqg wkh khqfh h{shfwhg sd|r�/ zkhq wzr
sod|huv revhuyh wkh vhw ri surshuwlhv S dqg S �1 uhvshfwlyho|1 Uhfdoo wkdw
revhuylqj wkh vhw S hqvxuhv wkdw d sod|hu revhuyhv dq| uhdol}dwlrqv ri wkhvh
surshuwlhv/ exw grhv qrw hqvxuh wkdw wkhuh dfwxdoo| duh dq| uhdol}dwlrqv1H Lw
iroorzv lpphgldwho| iurp wkh v|pphwu| ri wkh frruglqdwlrq jdph wkdw

K+S >S �, @ K+S �>S,=

Lq dgglwlrq/ zh kdyh
K+S>S �, � K+S>S,=

Lq sduwlfxodu/ frqvlghu sod|hu l idflqj dq rssrqhqw m zkr revhuyhv vhw S 1
Revhuylqj S surylghv sod|hu l zlwk frpsohwh lqirupdwlrq derxw m*v revhu0
ydwlrq dqg khqfh htxloleulxp ehkdylru1 Revhuylqj S � lqvwhdg ri S fdq rqo|
surylgh ohvv lqirupdwlrq/ dqg khqfh wkh +zhdn, lqhtxdolw|1

Iru hdfk vxevhw S ri iS�> S2> = = = > S�j/ zh ohw J+S > �, eh wkh suredelolw|
wkdw d sod|hu xvlqj wkh prqlwrulqj vwudwhj| � revhuyhv wkh uhdol}dwlrqv ri
doo ri wkh surshuwlhv lq S dqg ri qr surshuwlhv qrw lq S 1 Djdlq/ vrph ri
wkh revhuyhg surshuwlhv lq S zloo +glvdssrlqwlqjo|, eh khog e| qrqh ri wkh
vwudwhjlhv/ zkloh rwkhuv pd| krog iru pdq| vwudwhjlhv> dw wkh vdph wlph wkdw
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vrph ri wkh xqrevhuyhg surshuwlhv zloo eh h{klelwhg e| pdq| vwudwhjlhv dqg
vrph e| qrqh1

Zh dvvxph wkdw J+S> �, lv gl�huhqwldeoh dqg pdnh wzr prqrwrqlflw|
dvvxpswlrqv1 Iluvw/ iru hdfk vhw ri surshuwlhv S zlwk S� 5 S

gJ+S > �,
g��

A 3= +4<,

Khqfh/ prqlwrulqj surshuw| S� pruh lqwhqvho| lqfuhdvhv wkh suredelolw| wkdw
d vhw ri surshuwlhv lqfoxglqj S� lv revhuyhg1 Qh{w/ iru dq| qrqhpsw| vhw S
zlwk S� 95 S /

gJ+S ^ iS�j> �,
g��

A
gJ+S> �,

g��
� �

����gJ+S ^ iS�j,> �g��

���� = +53,

Khqfh/ prqlwrulqj surshuw| l pruh lqwhqvho| pd| ghfuhdvh wkh suredelolw|
wkdw d vhw h{foxglqj S� lv revhuyhg/ exw qrw dw d udwh wkdw h{fhhgv wkh
h�hfw ri wkh lqfuhdvhg lqwhqvlw| rq vhwv lqfoxglqj S�1 Wklv odwwhu vwlsxodwlrq
hqvxuhv wkdw lqfuhdvlqj rqh*v prqlwrulqj lqwhqvlw| fdqqrw ghfuhdvh wkh wrwdo
suredelolw| wkdw vrph surshuw| lv revhuyhg1b

Iru h{dpsoh/ lq wkh fdvh ri P lqghshqghqw surshuwlhv/ lw lv qdwxudo +exw
qrw qhfhvvdu|, wr dvvxph wkdw wkhuh duh P ixqfwlrqv j�+��,> = = = > j6+�6,
iurp LUn lqwr ^3> 4` vxfk wkdw surshuw| S� lv revhuyhg zlwk suredelolw| j�+��,/
zkhuh wkh uhdol}dwlrqv ri wkhvh udqgrp yduldeohv duh lqghshqghqw dfurvv
surshuwlhv1 Zh wkhq kdyh

J+S > �, @
\
��M�

j+��,
\
�� �M�

+4� j+��,,

dqg khqfh

gJ+S ^ iS�j,
g��

@
gj+��,

g��

\
��M�

j+��,
\

�� �Mt��t����

+4� j+��,,

gJ+S ^ iS�j,
g��

@ �gj+��,
g��

\
��M�

j+��,
\

�� �Mt��t����

+4� j+��,,>
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hqvxulqj wkdw +53, krogv/ zlwk htxdolw| lq wkh vhfrqg zhdn lqhtxdolw|1 Pruh
jhqhudoo|/ frqglwlrq +53, dovr dffrpprgdwhv ghshqghqflhv ehwzhhq surshu0
wlhv1

Zh ohw J+S �> ��mS> �, eh wkh suredelolw| wkdw d sod|hu zkrvh prqlwrulqj
lqwhqvlw| lv �� revhuyhv vhw S � jlyhq wkdw d sod|hu zlwk lqwhqvlwlhv � revhuyhv
S 1 Dw rqh h{wuhph/ zh frxog lpdjlqh wkh sod|huv* prqlwrulqj rxwfrphv
ehlqj lqghshqghqw/ vr wkdw J+S �> ��mS> �, @ J+S �> ��,= Lq jhqhudo/ krzhyhu/
zh h{shfw vxfk lqghshqghqfh wr idlo1 Lqvwhdg/ zh wklqn ri Qdwxuh dv gh0
whuplqlqj zklfk vwudwhjlhv kdyh zklfk surshuwlhv dqg dovr ghwhuplqlqj krz
reylrxv wkhvh surshuwlhv duh1 Lq vrph fdvhv/ wkhuh pd| eh vxfk dq reyl0
rxv fhqwudo vwudwhj| wkdw doo sod|huv revhuyh wklv surshuw|/ hyhq wkrvh zkr
prqlwru _fhqwudo% zlwk d orz lqwhqvlw|1 Lq rwkhu fdvhv/ rqh ri wkh vwudwhjlhv
pd| eh lqwhusuhwhg dv fhqwudo/ exw rqo| diwhu vrph uh�hfwlrq/ vr wkdw rqo|
wkrvh zkr prqlwru _fhqwudo% zlwk d vx�flhqwo| kljk lqwhqvlw| revhuyh wkh
surshuw|1 Wkh lpsruwdqw frqvlghudwlrq lv wkdw zh h{shfw revhuydwlrqv ri
_fhqwudo% e| sod|huv zkr prqlwru wklv surshuw| zlwk kljk lqwhqvlw| wr eh
fruuhodwhg zlwk revhuydwlrqv rq wkh sduw ri wkrvh zkr prqlwru wkh surs0
huw| zlwk orzhu lqwhqvlw|1 Zh fdswxuh wklv e| dvvxplqj wkdw prqlwrulqj lv
shuihfwo| fruuhodwhg dfurvv sod|huv= li sod|hu l*v prqlwrulqj lqwhqvlwlhv pdnh l
pruh olnho| wkdq m wr revhuyh d vhw ri surshuwlhv S / wkhq m revhuyhv wkh vhw S
rqo| li l grhv1 Khqfh/ pruh yljlodqw sod|huv duh dozd|v qr ohvv zhoo lqiruphg
wkdq ohvv yljlodqw sod|huv1 Qdwxuh ghwhuplqhv zklfk vwudwhjlhv kdyh zklfk
surshuwlhv dqg dovr ghwhuplqhv krz reylrxv wkhvh surshuwlhv duh/ zlwk d vhw
ri surshuwlhv wkhq ehlqj revhuyhg e| hyhu| sod|hu zkrvh prqlwrulqj pdnhv
wkdw vhw vx�flhqwo| olnho|1�f

D sod|hu fkrrvlqj prqlwrulqj lqwhqvlwlhv � dqg idflqj dq rssrqhqw fkrrv0
lqj lqwhqvlwlhv �� kdv dq h{shfwhg ehqh�w jlyhq e| wkh ixqfwlrq E+�> ��, dqg
dq h{shfwhg �wqhvv jlyhq e|

�+�> ��, @ E+�> ��,� F+�,

@
[
�

[
��

K+S >S �,J+S > �mS �> ��,J+S �> ��,� F+�,=
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Lw iroorzv lpphgldwho| iurp wkh v|pphwu| ri wkh frruglqdwlrq jdph wkdw

E+�> �, @ E+�> �,=

Wkh dvvxpswlrq wkdw prqlwrulqj lv shuihfwo| fruuhodwhg dfurvv sod|huv hq0
vxuhv wkdw

E+�> �, � plqiE+�> �,> E+�> �,j>
vlqfh prqlwrulqj wkdw lv shuihfwo| fruuhodwhg dfurvv sod|huv hqvxuhv wkdw zkhq
sod|hu l sod|v lqwhqvlwlhv � djdlqvw dq rssrqhqw sod|lqj �/ wkdw l�v sd|r�
frqglwlrqdo rq m revhuylqj S lv K+S>S,1 Li lqvwhdg l sod|v ��/ wkhq l*v sd|r�
frqglwlrqdo rq m revhuylqj S fdq rqo| eh orzhu1 Wklv hvwdeolvkhv Dvvxpswlrq
41

Wkh frqwlqxrxv gl�huhqwldelolw| ri D+�, iroorzv iurp wkh fruuhvsrqglqj
gl�huhqwldelolw| dvvxpswlrq rq J+S �> ��mS > �,1

Ohppd 7 D+�, lv lqfuhdvlqj lq �1

Surri1 Zh kdyh

D+�, @
[
�

K+S,J+S > �, @
[
�

#
k+3>S,
Q

.
�[
&'�

k+n>S,
n

$
J+S > �,>

zkhuh k+n>S, lv wkh suredelolw| wkdw wkh plqlpxp qxpehu ri vwudwhjlhv
glvwlqjxlvkhg e| d frpprq mrlqw surshuw| lv n diwhu revhuylqj S1�� Ohw �+l,
eh wkh vhw ri vhwv ri surshuwlhv wkdw gr qrw lqfoxgh surshuw| l1 Wkhq zh kdyh=

gD+�,

g��
@

[
��M[E��

K+S,gJ+S > �,
g��

.
[

�M[E��

K+S ^ ilj,gJ+S ^ ilj> �,
g��

=

Ehfdxvh K+S ^ ilj, � K+S,/ lw iroorzv iurp +53, wkdw gD+�,@g�� � 31 mm

S�e �L?UL?U@�i �Ek�� �Ek�

Ohw wkhuh eh d vlqjoh surshuw| S 1 Ohw j+�, eh wkh suredelolw| wkdw wklv
surshuw| lv revhuyhg e| d sod|hu zkr prqlwruv zlwk lqwhqvlw| � 5 LUn/
zkhuh

j+�, @ 4� 4

hk2
= +54,
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Iljxuh := Ehqh�w dqg frvw ixqfwlrqv iru zklfk D+�,� F+�, lv qrw frqfdyh1

Ohw K+S> S , @ =8 dqg F+�, @ =6�1 Ohw Q eh vx�flhqwo| odujh wkdw zh fdq
wdnh 4@Q � 31 Iljxuh : vkrzv wkh ixqfwlrq

D+�, @
4

5

�
4� 4

hk
2

�
+55,

dv zhoo dv wkh frvw ixqfwlrq1 Lw lv lppdwhuldo wkdw wkh frvw ixqfwlrq lv rqo|
zhdno| frqfdyh/ exw vljql�fdqw wkdw D+�,�F+�, lv qrw frqfdyh1 Wkh �wqhvv
�+�, @ D+�,�F+�, kdv wzr orfdo pd{lpd/ dw � @ 3 dqg � � 4=49/ vhsdudwhg
e| d orfdo plqlpxp dw � � =671 Lw lv wkhq hdv| wr frqvwuxfw hyroxwlrqdu|
surfhvvhv wkdw fdq ehfrph wudsshg dw wkh lqh�flhqw htxloleulxp � @ 31 Lw
zrxog eh frpprq wr vd| wkdw wklv _hyroxwlrqdu| odqgvfdsh lv uxjjhg/% lq
zklfk fdvh lw lv qr vxusulvh wkdw hyroxwlrq fdq ohdg wr lqh�flhqw rxwfrphv1

Lq wkh fdvh ri d vlqjoh surshuw| S / wkh frqfdylw| ri D+�, � F+�, fdq
eh hqvxuhg e| dvvxplqj wkdw F+�, lv frqyh{ dqg wkh ixqfwlrq J+iSj> �, lv
frqfdyh +lq frqwudvw wr +54,,1 Lq pruh frpsolfdwhg vhwwlqjv/ wkh frqfdylw|
ri D+�,� F+�, ehfrphv d mrlqw uhvwulfwlrq rq wkh prqlwrulqj whfkqrorj|1
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S�D 5i4��#�gihi?|�@M�*�|)

Ohw E eh vhplgl�huhqwldeoh1 Wkhq qrwlfh wkdw

E+�. �x> �. �x,�E+�> �,

�x
@
E+�. �x> �. �x,�E+�. �x> �,

�x
.
E+�. �x> �,�E+�> �,

�x
=

+56,
Dv � & 3/ wkh ohiw vlgh frqyhujhv wr D�+�,1 Wkh vhfrqg whup rq wkh ohiw vlgh
frqyhujhv wr En

� +�> �,1 Uhzulwh wkh �uvw whup rq wkh ohiw vlgh dv

E+�> � � �x,�E+�> �,

��x > +57,

zkhuh � @ �.�x1 Qrz frqvlghu d frpsdfw vhw E+�, ri ydoxhv ri � frqwdlqlqj
� lq lwv lqwhulru1 Iru d �{hg � lq wklv vhw/ +57, frqyhujhv wr E3

� +�, dv � & 31
Pruhryhu/ Dvvxpswlrq 7 hqvxuhv wkdw +57, lv dq lqfuhdvlqj vhtxhqfh1 Uxglq
^46/ Wkhruhp :146` +uhsodflqj i? zlwk �i? lq wkh vwdwhphqw ri wkh wkhruhp,
wkhq lpsolhv wkdw wkh frqyhujhqfh lv xqlirup rq E+�,1 Xvlqj wkh xqliruplw|
ri wkh frqyhujhqfh dqg wkh frqwlqxlw| ri E3

� +�> �,/ iru dq| � A 3/ wkhuh
pxvw eh d �+�, vx�flhqwo| vpdoo wkdw +57, lv zlwklq �@5 ri E3

� +�> �, iru dq|
� 5 E+�,/ dqg dovr vxfk wkdw E3

� +�. �x> �. �x, lv zlwklq �@5 ri E3
� +�> �,1

Exw wkhq wkh �uvw whup rq wkh ohiw vlgh ri +56, pxvw frqyhujh wr E3
� +�> �,/

jlylqj wkh uhvxow1

S�S ,�U�i?| �L?�|Lh�?}

Ohppd 8 Dq h�flhqw rxwfrph fdq dozd|v eh dfklhyhg zlwk sxuh/ v|pphw0
ulf prqlwrulqj lqwhqvlwlhv1

Surri1 Zh �uvw uhfdoo wkdw

E+�> �, � E+�> �,= +58,

Khqfh/ wkh kljkhvw sd|r� uhdol}dwlrq lq dq| h�flhqw pl{hg vwudwhj| pxvw eh
ri wkh irup E+�> �,�F+�, iru vrph � lq wkh vxssruw ri wkh pl{hg vwudwhj|1
Wkh sxuh vwudwhj| � pxvw wkhq hlwkhu wkhq eh h�flhqw/ ru sd|r�v pxvw eh
frqvwdqw ryhu doo uhdol}hg rxwfrphv lq wkh pl{hg vwudwhj|1 Wkh odwwhu lv
suhfoxghg e| Dvvxpswlrq 61 mm

+iuihi?Uit

^4` Plfkdho Edfkdudfk1 Yduldeoh xqlyhuvh jdphv1 Lq Nhq Elqpruh/ Dodq
Nlupdq/ dqg Slhur Wdql/ hglwruv/ Iurqwlhuv ri Jdph Wkhru|/ sdjhv 588~
5:91 PLW Suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv/ 4<<61
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^5` Plfkdho Edfkdudfk dqg Gdoh R1 Vwdko1 Yduldeoh0iudp ohyho0q wkhru|1
Jdphv dqg Hfrqrplf Ehkdylru/ 65=553~579/ 53331

^6` Nhq Elqpruh/ Oduu| Vdpxhovrq/ dqg Ulfkdug Ydxjkdq1 Pxvlfdo fkdluv=
Prghoolqj qrlv| hyroxwlrq1 Jdphv dqg Hfrqrplf Ehkdylru/ 44=4~68/
4<<81

^7` Lppdqxho P1 Erp}h dqg Ehqhglnw P1 S�rwvfkhu1 Jdph Wkhruhwlfdo
Irxqgdwlrqv ri Hyroxwlrqdu| Vwdelolw|1 Vsulqjhu Yhuodj/ Ehuolq/ 4<;<1

^8` Dqgu�h Fdvdmxv1 Irfdo srlqwv lq iudphg vwudwhjlf irupv1 Jdphv dqg
Hfrqrplf Ehkdylru/ 65=596~5<4/ 53331

^9` Ylqfhqw S1 Fudzirug dqg Kdqv Kdoohu1 Ohduqlqj krz wr frrshudwh=
Rswlpdo sod| lq uhshdwhg frruglqdwlrq jdphv1 Hfrqrphwulfd/ 8;=8:4/
4<<31

^:` Johqq Hoolvrq1 Edvlqv ri dwwudfwlrq/ orqj0uxq vwrfkdvwlf vwdelolw|/ dqg
wkh vshhg ri vwhs0e|0vwhs hyroxwlrq1 Uhylhz ri Hfrqrplf Vwxglhv/ 9:=4:~
79/ 53331

^;` Mrkq F1 Kduvdq|l dqg Uhlqkdug Vhowhq1 D Jhqhudo Wkhru| ri Htxl0
oleulxp Vhohfwlrq lq Jdphv1 PLW Suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv/
4<;;1

^<` Iudqfrlv Mdfre1 Prohfxodu wlqnhulqj lq hyroxwlrq1 Lq G1 V1 Ehqgdoo/
hglwru/ Hyroxwlrq iurp Prohfxohv wr Phq/ sdjhv 464~4771 Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<;61

^43` Plfklklur Ndqgrul/ Jhrujh M1 Pdlodwk/ dqg Udidho Ure1 Ohduqlqj/ px0
wdwlrq/ dqg orqj uxq htxloleuld lq jdphv1 Hfrqrphwulfd/ 94=5<~89/ 4<<61

^44` Mrkq Pd|qdug Vplwk dqg J1 U1 Sulfh1 Wkh orjlf ri dqlpdo frq�lfw1
Qdwxuh/ 579=48~4;/ 4<:61

^45` Duwkxu M1 Urevrq dqg Ihuqdqgr Yhjd0Uhgrqgr1 H�flhqw htxloleulxp
vhohfwlrq lq hyroxwlrqdu| jdphv zlwk udqgrp pdwfklqj1 Mrxuqdo ri
Hfrqrplf Wkhru|/ :3=98~<5/ 4<<91

^46` Zdowhu Uxglq1 Sulqflsohv ri Pdwkhpdwlfdo Dqdo|vlv1 PfJudz Kloo/ Qhz
\run/ 4<:91

^47` Oduu| Vdpxhovrq1 Vwrfkdvwlf vwdelolw| lq jdphv zlwk dowhuqdwlyh ehvw
uhsolhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 97=68~98/ 4<<71
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^48` Oduu| Vdpxhovrq dqg Mldqer ]kdqj1 Hyroxwlrqdu| vwdelolw| lq dv|p0
phwulf jdphv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 8:=696~6<4/ 4<<51

^49` Wkrpdv Vfkhoolqj1 Wkh Vwudwhj| ri Frq�lfw1 Kduydug Xqlyhuvlw| Suhvv/
Fdpeulgjh/ PD1/ 4<;3 +�uvw hglwlrq 4<93,1

^4:` Uhlqkdug Vhowhq1 D qrwh rq hyroxwlrqdulo| vwdeoh vwudwhjlhv lq dv|pphw0
ulf dqlpdo frqwhvwv1 Mrxuqdo ri Wkhruhwlfdo Elrorj|/ ;7=<6~434/ 4<;31

^4;` Urehuw Vxjghq1 D wkhru| ri irfdo srlqwv1 Hfrqrplf Mrxuqdo/ 438=866~
883/ 4<<81

^4<` J1 W1 Ylfnhuv dqg F1 Fdqqlqjv1 Rq wkh gh�qlwlrq ri dq hyroxwlrqdulo|
vwdeoh vwudwhj|1 Mrxuqdo ri Wkhruhwlfdo Elrorj|/ 45<=67<~686/ 4<;:1

^53` Sh|wrq \rxqj1 Wkh hyroxwlrq ri frqyhqwlrqv1 Hfrqrphwulfd/ 94=8:~;7/
4<<61

^54` Sh|wrq \rxqj1 Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ 4<<;1
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